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ABSTRACT
We explore the occurrence and detectability of planet-planet occultations (PPOs) in exoplanet
systems. These are events during which a planet occults the disk of another planet in the same
system, imparting a small photometric signal as its thermal or reflected light is blocked. We focus on
the planets in TRAPPIST-1, whose orbital planes we show are aligned to < 0.3◦ at 90% confidence.
We present a photodynamical model for predicting and computing PPOs in TRAPPIST-1 and other
systems for various assumptions of the planets’ atmospheric states. When marginalizing over the
uncertainties on all orbital parameters, we find that the rate of PPOs in TRAPPIST-1 is about 1.4
per day. We investigate the prospects for detection of these events with the James Webb Space
Telescope, finding that ∼10 − 20 occultations per year of b and c should be above the noise level at
12− 15 µm. Joint modeling of several of these PPOs could lead to a robust detection. Alternatively,
observations with the proposed Origins Space Telescope should be able to detect individual PPOs at
high signal-to-noise. We show how PPOs can be used to break transit timing variation degeneracies,
imposing strong constraints on the eccentricities and masses of the planets, as well as to constrain
the longitudes of nodes and thus the complete three-dimensional structure of the system. We further
show how modeling of these events can be used to reveal a planet’s day/night temperature contrast
and construct crude surface maps. We make our photodynamical code available on github.
1. INTRODUCTION
Among the most remarkable accomplishments of the
Kepler telescope was the discovery of a large popu-
lation of tightly-packed, close-in, and highly coplanar
multi-planet exoplanet systems. These include Kepler-32
(Swift et al. 2013), Kepler-444 (Campante et al. 2015),
and Kepler-80 (MacDonald et al. 2016), all of which host
five transiting planets, although dozens of other such sys-
tems with three or more planets are known (Borucki et al.
2011; Lissauer et al. 2011).
These Kepler systems were bested by the discov-
ery of the TRAPPIST-1 system (Gillon et al. 2016,
2017), which hosts seven transiting terrestrial-size plan-
ets within less than 0.1 AU of their star, an ultracool
dwarf only 12 pc away. The system is so packed that
a transit occurs, on average, about 6% of the time,
placing the TRAPPIST-1 light curves among the most
information-rich transiting exoplanet datasets. Transit
timing variation (TTV) analyses of these light curves
have so far placed strong constraints on the masses and
eccentricities of these planets (Gillon et al. 2017) and
dynamical studies of resonances in the system led to
the precise prediction of the period of TRAPPIST-1h,
the farthest-out planet (Luger et al. 2017). A spectro-
scopic analysis of the transit light curves of TRAPPIST-
1b and c with the Hubble Space Telescope (HST) has
further ruled out cloud-free hydrogen-dominated atmo-
spheres for those planets (de Wit et al. 2016). In the
near future, the James Webb Space Telescope (JWST)
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is expected to detect secondary eclipses of the shortest-
period TRAPPIST-1 planets and to reveal more detailed
information about their atmospheres via transit trans-
mission and secondary eclipse spectroscopy (Barstow &
Irwin 2016; Morley et al. 2017; Lustig-Yaeger et al., in
preparation).
As new generations of telescopes continue to enable
the detection of smaller signals, it is worthwhile to ex-
plore new methods to study exoplanets. In this work, we
consider the detectability of planet-planet occultations
(PPOs; Ragozzine & Holman 2010) in the TRAPPIST-1
system and in other systems of multiple, close-in tran-
siting planets. PPOs occur when one planet transits the
disk of another planet in the same system as seen by a
distant observer, producing a dip in the light curve due
to the interception of light emitted from or reflected off
of the occulted planet. While PPOs are in this sense
analogous to transits, their signals are orders of magni-
tude weaker, given the large star/planet surface bright-
ness ratio. PPOs are also in general quite rare, given
the small planet sizes (relative to the star) and the low
probability of the overlap of their disks on the sky plane.
For this reason they are also intermittent and typically
short-lived.
However, the geometry of the orbits in TRAPPIST-
1, and in several of the known multi-planet systems, is
particularly favorable for planet-planet occultations. Be-
cause of the extreme coplanarity of the system, the or-
bital tracks of the seven TRAPPIST-1 planets overlap
over considerable portions of their orbits as seen from
Earth. In Figure 1 we plot these tracks for the mean
orbital parameters reported in Gillon et al. (2017) and
Luger et al. (2017). To make the orbital paths apparent,
this figure is plotted with an aspect ratio of 100:1, but
horizontal and vertical distances are each to scale. The
star is shown in orange at the center and appears as a
thin ellipse due to the vertical stretch. The widths of the
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Fig. 1.— The orbits of the seven planets in the TRAPPIST-1 system as seen from Earth, assuming the mean orbital parameters from
Gillon et al. (2017) and Luger et al. (2017). The thickness of each orbital track is the planet diameter. The aspect ratio of the plot is
100:1, but all horizontal and vertical distances are to scale. The star is shown in orange for reference. Because of the compactness of the
system, its near edge-on orientation, and the dynamical coldness of the disk, the orbital paths of all planets overlap with those of their
neighbors over a significant fraction of their orbits. For this particular configuration, planet-planet occultations occur between the set of
planets {b, c, d, e} and the set {f, g, h}.
orbital tracks are the planet diameters.
It is evident from the figure that the orbital paths of all
seven TRAPPIST-1 planets overlap with those of their
neighbors over large fractions of their orbits. Even when
the observational uncertainties in the planet inclinations,
radii, semi-major axes, and eccentricities are accounted
for, the orbital tracks of all planets and those of their
neighbors overlap for virtually any configuration of the
system allowed by the orbital constraints. The figure as-
sumes the planets have the same longitude of ascending
node Ω, which for an edge-on system is the polar angle
of the orbit in the x-y plane. While large scatter in the
values of Ω for the TRAPPIST-1 planets could disrupt
the alignment of their orbits, we show that such configu-
rations can be ruled out at high confidence with minimal
assumptions (see §4.1.1).
The crossing orbital tracks suggest PPOs may be com-
mon among the TRAPPIST-1 planets and among planets
in other compact, coplanar multi-planet systems. In par-
ticular, orbital crossings on the same side of the star can
lead to long-lived PPOs, given the low sky-projected rel-
ative velocity of prograde, neighboring planets—in many
cases, PPOs among these systems last significantly longer
than transit or secondary eclipse. Furthermore, because
the signal of a PPO event is the missing flux from a planet
as it is occulted, complete planet-planet occultations can
be as deep as secondary eclipses. For the TRAPPIST-1
system, PPOs are most detectable in emission at long
wavelengths, where the planet/star contrast is most fa-
vorable, approaching the linear relationship between flux
and temperature in the Rayleigh-Jeans limit.
The detection of one or more PPOs in a multi-planet
system pins down the relative orbital positions of pairs of
planets to extremely high precision, placing strong con-
straints on the mutual inclinations of the planets as well
as their eccentricities and the relative orientation of their
orbits on the sky. Moreover, because PPOs occur in gen-
eral off the face of the star, the timing of a PPO event
is affected by the planets’ orbital eccentricities (§3.1.1),
but also probes a planet’s TTV curve at an orbital phase
inaccessible to either transit or secondary eclipse, poten-
tially breaking mass and/or eccentricity degeneracies in-
herent to traditional TTV measurements (Lithwick et al.
2012; Deck & Agol 2015), and thus better constraining
the masses and densities of the planets. Similarly to
secondary eclipses, PPOs can provide constraints on the
albedo and/or temperature of an occulted planet, with
the added benefit that they allow one to sample both the
day side and night side of the occulted planet when the
occultation occurs far from the disk of the star. Finally,
at high time resolution, the shape of a PPO light curve
can constrain the two-dimensional surface reflectance or
emission map, potentially at a range of wavelengths. Be-
cause PPOs are aperiodic, different occultations of a
given planet will occur at different phases and with differ-
ent impact parameters, in principle allowing one to con-
struct crude multi-wavelength surface maps of the entire
planet surface.
In this work we assess the frequency and dynamical
properties of PPOs in the TRAPPIST-1 system and their
detectability with current and future instruments, in-
cluding the James Webb Space Telescope (JWST) and
the Origins Space Telescope (OST). We develop a frame-
work to predict and model PPOs with the new, open-
source, photodynamical model planetplanet. In §2 we
review other works that have previously considered PPOs
or similar events, and in §3 we describe our methodology
for predicting, modeling, and extracting orbital informa-
tion and crude surface maps from PPOs. We present our
results for TRAPPIST-1 in §4 and discuss our findings
and their applicability to other systems in §5.
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2. PLANET-PLANET OCCULTATIONS IN THE
LITERATURE
Planet-planet occultations have previously been con-
sidered in other works as a method to detect or character-
ize planets. Ragozzine & Holman (2010) first introduced
the term, citing previous work by Cabrera & Schneider
(2007), Sato & Asada (2009), and Sato & Asada (2010)
on the detectability of mutual transits of binary plan-
ets and planets with large moons. Ragozzine & Holman
(2010) extended the idea to occultations among planets
on independent astrocentric orbits. The authors pointed
out that these so-called “planet-planet occultations”
could place strong constraints on the three-dimensional
architecture of exoplanet systems and even permit sur-
face mapping with future telescopes, citing JWST as a
potential facility to detect PPOs in emitted light. More
recently, Brakensiek & Ragozzine (2016) developed code
to calculate geometric probabilities of transits in exo-
planet systems, with applications to PPOs and mutual
transits. Veras & Breedt (2017) studied eclipses in exo-
planet systems, with applications to TRAPPIST-1 and
other compact systems. The coplanarity of TRAPPIST-
1 enhances the likelihood that planets in that system
will eclipse one another when seen from an observer sit-
uated on the surface of one of the planets. In principle,
the shadow cast on the eclipsed planet could be detected
from Earth, but the signal would be orders of magnitude
weaker than a PPO observed in thermal light (Ragozzine
& Holman 2010).
Other relevant studies include those of Kipping (2011)
and Pa´l (2012), who developed algorithms to model light
curves of planet–moon and mutual planet–planet tran-
sits, respectively. The latter case, in which two planets
occult each other as they transit their host star, has been
studied by several other authors (e.g., Hirano et al. 2012;
Masuda et al. 2013; Masuda 2014). Hirano et al. (2012)
presented the first claimed detection of such an event,
seen as a brightening in the light curve of Kepler-89 dur-
ing a simultaneous transit of Kepler-89b and Kepler-89d.
During a mutual transit the planet-planet occultation oc-
curs on the face of the star, resulting in a signal that is
typically orders of magnitude stronger than that of a typ-
ical PPO; these events are therefore detectable in white
light with photometers like Kepler.
Closer to home, occultations have been studied, pre-
dicted, and observed among solar system bodies. The
first ever recorded occultation of two planets in the so-
lar system was that of Jupiter by Mars in the year 1170,
which was observed by the monk Gervase of Canterbury
and by Chinese astronomers (Stubbs 1879; Hilton et al.
1988). Albers (1979) computed the ephemerides of past
and future planet-planet occultations in the solar system,
reporting two in the 19th century and five in the 21st cen-
tury (but none in the 20th century!), all of which involve
one of Mercury and Venus and one of the superior plan-
ets. Occultations among moons in the solar system have
also been studied. Recently, de Kleer et al. (2017) used
the Large Binocular Telescope (LBT) to observe an oc-
cultation of Io by Europa, deriving high resolution maps
of the volcano Loki Patera from interferometric imaging
of the moon’s thermal emission during the occultation.
However, despite the considerable number of studies on
planet-planet occultations, a detailed assessment of the
detectability of PPOs in exoplanet systems and a frame-
work to predict, model, and extract information from
these events is still absent from the literature. In the
next sections we discuss our approach to modeling and
detecting PPOs in TRAPPIST-1 and in other exoplanet
systems.
3. METHODS
In order to model planet-planet occultation light
curves, we developed the open source6 software package
planetplanet, a photodynamical code written in C and
wrapped in Python. Given initial orbital, stellar, and
planetary parameters, planetplanet integrates the sys-
tem forward in time using an N -body code and computes
light curves for all planet-planet occultations, as well as
all transits, secondary eclipses, and planet phase curves.
In §3.1 we discuss the dynamical theory of PPOs and its
implementation in planetplanet, in §3.2 we describe our
approach to the photometric modeling of occultations,
and in §3.3 we discuss the basics of our detectability cal-
culations.
3.1. PPO Dynamics
Unlike transits or secondary eclipses, planet-planet oc-
cultations are episodic. Unless the ratio of the orbital
periods of two planets is exactly the ratio of two inte-
gers, PPOs among the two planets will occur at differ-
ent phases, with different impact parameters, and with
varying durations. While all adjacent pairs of planets in
TRAPPIST-1 are close to two-body resonances, depar-
tures from exact commensurability cause PPOs in this
system to be aperiodic. Nonetheless, precise knowledge
of the orbital parameters of pairs of planets can allow one
to deterministically predict the times of future PPOs.
By the same token, if the orbital parameters are not
well known, the detection of PPOs can be used to im-
pose strict constraints on their values. Below we describe
techniques to constrain the eccentricity vectors and other
three-dimensional orbital information via the detection
of PPOs. In general, this is best done with an N -body
code (§3.1.4), but it is instructive to first consider a few
analytic methods.
3.1.1. Constraining the eccentricities
In the limit of two edge-on planets on plane-parallel
orbits, and weak planet-planet perturbations, the timing
of each PPO may be used to constrain a combination of
the free eccentricity vectors of both planets involved. For
a pair of planets, labelled i, j, with ephemerides (t0,i, Pi)
and (t0,j , Pj) with t0,i the time of transit and Pi the or-
bital period, sorted by Pi < Pj , we can compute the
longitudes at which the times of planet-planet occulta-
tions would occur if they were on circular, coplanar, and
edge-on orbits:
α cos (λk,i) = cos (λk,j) (1)
λk,i=
2pi(t0k − t0,i)
Pi
− pi
2
, (2)
where α = (Pi/Pj)
2/3 and t0k is the midpoint of the kth
PPO between planets i and j, assuming zero eccentricity,
6 https://github.com/rodluger/planetplanet
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and λk,j is the mean longitude at time t
0
k for planet j,
measured from the sky plane. This is a transcendental
equation that may be solved numerically for the roots t0k.
The superscript zero indicates that this assumes zero ec-
centricity and edge-on orbits for each planet. These times
only depend upon the ephemerides, which are measured
precisely from the transit times (although they may have
small uncertainties associated with each planet’s TTVs).
Note that we have also neglected the masses of the plan-
ets in this equation.
We can compare this to the actual time of the kth
PPO, tk, for the more general case of non-zero eccen-
tricity, albeit still ignoring inclination and TTVs. The
difference between the eccentric and circular PPO times,
δtk = tk − t0k, may be expanded to first order in ec-
centricity; assuming the eccentricities are small, as they
are for packed planetary systems due to tidal damping
and stability considerations, truncating second order ec-
centricity terms is well justified. Figure 2 illustrates a
method to calculate the timing offset analytically as a
function of the eccentricity vectors of the planets. Using
the epicyclic approximation, we can compute the offset of
the position of the planet relative to the guiding center,
as well as the offset due to the fact that the transit time
is shifted by the epicyclic motion of the planet. The off-
set between the x-position of the planets in the eccentric
and circular case, ∆x, divided by the relative x-velocity,
∆v, gives the timing offset, δtk = ∆x/∆v.
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Fig. 2.— Pole-on diagram of coplanar orbits for planets b and c.
The light colored circles (red and orange) are the orbits assuming
zero eccentricity, while the darker ellipses are for eb = ec = 0.1.
The position of the planets at the PPO in the circular case (blue
dashed line) is offset from the eccentric case (green dashed line) by
∆x. The observer is located at (0,−∞).
To first order in eccentricity, we find that
δtk = τk (vj · ej − αvi · ei) , (3)
where
τk =
Pj
4pi
(
sinλj − α−1/2 sinλi
)−1
, (4)
vi= [cos (2λi)− 4 sinλi − 3, sin (2λi)] , (5)
ei= [ei cosωi, ei sinωi] . (6)
This equation breaks down when sinλj ≈ α−1/2 sinλi
as the denominator approaches zero; in this limit the
sky-projected acceleration can be included to obtain an
accurate expression for δtk, but the solution for the ec-
centricity vector in terms of the time offset is no longer
linear. The mean longitude, λj , assumes zero eccentric-
ity, and is zero when the planet crosses the sky plane
in the direction away from the observer. Hence, tran-
sits occur when λj ≈ −pi/2 and secondary eclipses when
λj ≈ pi/2. The cosine component of these vectors can be
very similar in behavior due to the relation that causes
PPOs to occur, Equation (1); however, these components
can be constrained by the timing of secondary eclipses,
which should be as detectable as (or more than) the PPO
events. Note that since the eccentric orbits have a differ-
ent breadth than the circular orbits, there may be occa-
sional events that occur in the eccentric case that do not
occur in the circular case (or vice versa); these will place
a strict limit on the eccentricity vectors, but we ignore
these for this analysis.
Equation (3) depends on the four components of the
eccentricity vectors of both planets, and so at least four
planet-planet occultations are needed to obtain a unique
solution for the eccentricities of the planets. Given a set
of measured PPO times, δtk,obs, with uncertainties σk,
then the eccentricities may be fit for directly by linear
regression. Let x = [ei, ej ] be the set of four eccentricity-
vector parameters for the two planets. Letting δtk = yk ·
x, where yk = τk [−αvi,vj ], we may write our goodness
of fit metric as
χ2 =
K∑
k=1
(δtk,obs − yk · x)2
σ2k
(7)
for the observation of K planet-planet events between
planets i and j. Since this equation is quadratic in x,
χ2 has a unique minimum given by setting dχ2/dx = 0.
Taking the derivative with respect to xm for m = 1 to 4,
and setting these to zero, we get four equations for the
four unknowns:
Mx = b, (8)
where
Mmn =
K∑
k=1
yknykm
σ2k
(9)
and
bm =
K∑
k=1
ykmδtk,obs
σ2k
. (10)
This may be inverted to solve for
xˆ = M−1b, (11)
where Σ = M−1 is the covariance matrix with Σmm the
uncertainty on each eccentricity vector component.
An example of this technique is shown in Figure 3. We
simulated the timing offsets versus the time of planet-
planet occultation events between TRAPPIST-1b and
c for 30 days assuming edge-on Keplerian orbits, with
5-minute Gaussian random timing noise added to each
PPO time. We then used these timing offsets to recover
the eccentricity vectors of the planets with Equation (11).
Note that the e1 cosω1 and e2 cosω2 components have
very similar shapes, but different constant offsets. For
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TABLE 1
Simulated recovery of the
eccentricities of TRAPPIST-1b and
c
Input Recovered
eb cosωb −0.0128 −0.0102± 0.0021
eb sinωb −0.0225 −0.0289± 0.0142
ec cosωc 0.0067 0.0078± 0.0012
ec sinωc 0.0053 0.0107± 0.0064
this particular example, the mean timing offsets of these
components helps to disentangle the degeneracy that can
occur due to the similar shape, but for other choices of
parameters there may be stronger degeneracy between
these components. The input and recovered eccentricity
vectors are listed in Table 1; our solutions agree within
the uncertainties. The uncertainties on the eccentricity
vectors will depend upon the period ratios of the plan-
ets, the timing precision achieved, and the sampling of
the times; we provide code for carrying out these simu-
lations to assist with experimental design in the github
repository.
Note that in this simulation the timing offsets are
larger than the amplitude of TTVs for TRAPPIST-1b
and c, which are of order 1 minute, so that TTVs can
be approximately neglected for these planets. However,
if the eccentricities were much smaller for these planets,
as they may likely be due to tidal damping (Luger et al.
2017), then TTVs must be accounted for, which can be
accomplished with a photodynamical code (see §3.1.3).
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Fig. 3.— (Top) Simulated timing offsets for TRAPPIST-1b,c
with an arbitrary eccentricity (red dots) and 5-minute Gaussian
noise; the solid curve shows the noise-free computation. The opti-
mized linear fit captures the timing offsets well (dashed line), and
recovers the correct eccentricity vectors (Table 1). (Bottom) The
amplitude due to each eccentricity vector component is shown; each
of these has a different functional form, which is what allows the
eccentricity vectors to be recovered.
Thanks to the linear dependence, the eccentricity un-
certainties are proportional to the timing uncertainties.
The timing uncertainties may be affected by the radiative
intensity asymmetry of the planets, if accounted for in-
accurately in the photometric analysis. As shown below,
an airless body can mimic an occultation timing offset of
several minutes; this gives an upper limit on the expected
timing error since the recirculation can be modeled, even
if only approximately. The impact of intensity asymme-
try on timing uncertainty will require further simulations
to quantify more precisely. Furthermore, additional con-
straints upon the eccentricity may be derived from the
shape and depth of these events. We collectively refer
to changes in the timing, shape, depth and duration as
occultation light curve variations (OLVs), which can be
analyzed to recover information about the orbits and the
planetary properties. In practice, however, the entire
light curve should be modeled, which we do further be-
low.
Measuring the eccentricities can help to break the
eccentricity-eccentricity degeneracy (Lithwick et al.
2012), and may also help break the mass-eccentricity de-
generacy (Lithwick et al. 2012; Deck & Agol 2015) that
affects TTV measurements. Breaking these degeneracies
could lead to more precise measurements of the mass ra-
tios of the planets to the star, as well as better dynamical
constraints and estimates of the tidal effects on the plan-
ets, such as constraints on the planetary Love numbers
(Mardling 2007; Batygin et al. 2009). The timing offset
of secondary eclipses (Charbonneau et al. 2005) can im-
pose a constraint on ei cosωi, and thus fewer PPOs may
be needed to obtain a unique solution for the planets’
eccentricities; this could be incorporated into the linear
analysis. We note, finally, that if PPOs occur between
different pairs of planets, then the above solution may be
extended to all planets involved to obtain a simultane-
ous solution for the eccentricity vectors of all N planets.
However, this subsection ignores the mutual inclinations
between planets and between system and observer; this
will not be satisfied in general, and can provide addi-
tional constraints upon the orbital geometry, described
next.
3.1.2. Constraining longitudes of nodes
The foregoing analysis assumed edge-on, plane-parallel
orbits for the planets; in real planet systems, these as-
sumptions will always be broken to some extent. The
inclination of the planets’ orbits (I) can be obtained
from measurement of the transit/eclipse impact parame-
ter(s) (Winn 2010), while the longitudes of nodes (Ω) are
more difficult to constrain, even with the measurement
of TTVs (Nesvorny´ & Vokrouhlicky´ 2014), although it
can be constrained in some cases in part due to transit
duration variations (TDVs; Carter et al. 2012).
In contrast, planet-planet occultations can yield strong
constraints on Ω. Assuming circular orbits and identical
inclinations, the impact parameter will vary with the lon-
gitude of the planet-planet event as
b = |ai cosλi sin ∆Ωi,j |/(ri + rj)
= |aj cosλj sin ∆Ωi,j |/(ri + rj), (12)
where ai and ri are the semi-major axis and radius of the
ith planet, respectively. This will yield the absolute value
of ∆Ωi,j = Ωi−Ωj , the difference between the longitude
of nodes of the two planets. The same calculation applies
to planet-planet occultations that occur during transit
(Pa´l 2012), but in that case the lever arm is much smaller,
and thus the constraint on |∆Ω| tends to be poor.
The inclination, I, combined with |∆Ωi,j | will yield a
constraint on the full geometry of the system, but with
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the discrete degeneracy between each pair of planets that
undergo multiple occultations due to the absolute value.
However, the measurement of |∆Ω| for more than two
planets will yield a unique solution in most cases, thus
constraining the full three-dimensional geometry of the
planet system, up to an unknown sky angle.
3.1.3. De-aliasing transit timing
Planet-planet perturbations induce variations in the
orbital elements at frequencies that are differences of in-
teger multiples of the orbital frequencies of the planets,
Pj,k = (j/P1 − k/P2)−1, where j and k are integers, and
P1 and P2 are the periods of a pair of adjacent planets
(Deck & Agol 2015). Transits are observed every orbital
period of each planet, causing aliasing which induces a
degeneracy between different k (j) values for the inner
(outer) planet due to sampling on the period P1 (P2).
This aliasing is the origin of the mass-eccentricity de-
generacy (Lithwick et al. 2012; Deck & Agol 2015). In
contrast, planet-planet occultations will sample the mu-
tual planetary perturbations at a different orbital phase,
which may allow for the measurement of the free orbital
eccentricity, as discussed above, but also may allow for
the de-aliasing of different components of transit-timing
variations. If sufficient precision can be obtained to mea-
sure the variation of the times of PPOs due to forced
eccentricity and period variations caused by dynamical
interactions, these timing measurements can help break
the TTV mass-eccentricity degeneracy. A similar effect
can occur in transiting circumbinary planets, whereby
the motion of the stars about the barycenter samples the
transit times at irregular intervals, breaking the mass-
eccentricity degeneracy as well. In principle, the full
orbital properties of the planets should be modeled to
create a photodynamical model (Carter et al. 2012); we
describe this approach next.
3.1.4. N-body code
In order to model the general case of eccentric, non-
coplanar, massive planets subject to transit timing vari-
ations, we use the REBOUND N-body code (Rein & Liu
2012) to model PPOs in planetplanet. Starting from
an initial state informed by the observational constraints
of a multi-planet system, we integrate the orbital posi-
tions of all bodies forward in time using REBOUND. We
implement both the high order integrator IAS15 (Rein &
Spiegel 2015) and the symplectic integrator WHFAST (Rein
& Tamayo 2015). We track the relative sky-projected po-
sitions of all bodies, taking Keplerian steps on a finer sub-
grid to resolve all planet-planet events. At each subgrid
timestep, we evaluate the impact parameters between all
pairs {i, j} of planets, given by
bij =
√
(xi − xj)2 + (yi − yj)2
ri + rj
, (13)
where xi and yi are the sky-projected Cartesian coordi-
nates of the ith planet and ri is its radius. Occultations
between two planets occur when bij < 1. We discuss the
implementation of this procedure for the TRAPPIST-1
system in detail in §4.1.
3.2. PPO photometry
Given the full orbital solution for the system obtained
with REBOUND, planetplanet computes light curves for
all transits, secondary eclipses, and planet-planet occul-
tations, as well as phase curves for all planets in the
system. Since planet-planet occultations are observable
primarily in the mid- and far-infrared, in what follows
we model only the thermal emission from planets and
neglect reflected light from the star, although the latter
may easily be computed with planetplanet given the
symmetry of the problem.
We developed a novel scheme for fast computation of
occultation light curves optimized for the case of a body
whose thermal emission map is radially symmetric about
an arbitrary point on its surface. This is the case for
a limb-darkened star or limb-darkened/ limb-brightened
planet with a thick atmosphere and homogeneous cloud
cover, whose surface brightness is to a very good approx-
imation symmetric about the center of its disk. It is also
the case for a planet (or moon) with a thin (or nonex-
istent) atmosphere, whose surface brightness is symmet-
ric about the substellar point but in general lacks radial
symmetry in the observer’s frame. In the sections below,
we describe the geometry of these two limiting cases for
a planet’s thermal emission map and discuss our inte-
gration scheme. At present, we only model planets in
these two limits. The presence of spatially variable sur-
face features and/or inhomogeneous clouds break these
symmetries, and will be left for future investigation.
3.2.1. Planets with thick atmospheres
In the limit that a planet’s atmosphere is thick, ther-
mal emission from the planet is spatially decoupled from
the illumination pattern of the star and the planet ap-
pears as a radially symmetric, limb-darkened (or limb-
brightened) disk. Barring inhomogeneities due to clouds,
this is approximately the case for Venus (Murray et al.
1963), and if one neglects star spots, it is also a good
approximation for stars. The case of a spherical body
transiting a limb-darkened disk is well studied (Man-
del & Agol 2002) and the occultation light curve is an-
alytic under the linear, quadratic, and nonlinear limb
darkening laws (Claret 2000). However, the calculation
involves multiple evaluations of elliptic integrals or hy-
pergeometric functions, which are expensive to compute.
Often it is more expedient to exploit the radial symme-
try of the problem to reduce a two-dimensional integral
to a one-dimensional integral and solve the latter numer-
ically; this is the approach taken in the nonlinear limb-
darkening law case in code provided by Mandel & Agol
(2002). Recently, Kreidberg (2015) developed a similar
method for the batman transit calculation package. The
batman code discretizes the stellar surface as a series of
spherical segments, each with a constant intensity given
by an arbitrary radial limb darkening profile. Seen in
projection, these are concentric rings. The flux occulted
by a transiting planet is then simply the weighted sum
over the areas of overlap between the planet and each of
the rings, which are expressed in terms of arccosine func-
tions (Mandel & Agol 2002). These numerical methods
allow for the fast computation of light curves under ar-
bitrary limb darkening laws.
In order to treat occultations of limb-darkened/
Planet-Planet Occultations 7
brightened planets (and stars), we adopt a similar in-
tegration scheme, discretizing the body’s surface with
N concentric circles that bound N + 1 spherical seg-
ments equally spaced in φ, the angle between the line
of sight and the vector normal to the sphere. Each cir-
cular boundary is centered at the origin and has a radius
a = rP sinφ (14)
where rP is the radius of the body. This results in an
adaptive grid in the radial coordinate, a, in which the
radial spacing between rings decreases toward the limb,
where the change in intensity is fastest. If ∆φ is the grid
spacing in φ, the spacing in a is
∆a ≈ ∆φ
√
1− a2, (15)
which in the limit a → 1 is identical to that used in
batman.
We adopt the following generic limb darkening law:
Bλ(φ) = B
0
λ
[
1−
n∑
i=1
ui(λ)(1− cosφ)i
]
, (16)
where Bλ is a spectral radiance (measured in units of
power per unit area per unit solid angle per unit wave-
length), B0λ is the spectral radiance at the center of the
disk (see Appendix D), λ is the wavelength, and ui is the
ith limb darkening coefficient, which we allow to be an
arbitrary function of wavelength. The variation in the in-
tensity of the disk towards the limb can be a strong func-
tion of wavelength, even for a perfect blackbody, and it
is essential to allow for this when modeling occultations
in the mid-infrared. Note that for ui(λ) = constant and
n = 1 or n = 2, this is equivalent to the standard linear
or quadratic limb darkening laws (Claret 2000), respec-
tively. Also note that this definition is equivalent to the
limb-darkening formulation of Gime´nez (2006), although
with differently defined coefficients.
In principle, our method is flexible enough to allow for
any limb darkening law, including those that cannot be
expressed as simple polynomial functions of φ. As both
the temperature and the abundance of various species in
a planetary atmosphere can change drastically with alti-
tude, light emerging from the limb (where the effective
emission layer is higher in the atmosphere) may have a
drastically different spectrum than light emerging from
the center of the planet disk. Because low-order polyno-
mials are not flexible enough to accurately model this,
our model also accepts as input a grid of emission spec-
tra over the planet disk, provided the emission profile is
radially symmetric:
Bλ(φ) = Bi,j(λ, φ), (17)
where i and j are the corresponding indices in the λ
and φ grids, respectively, such that λi−1 < λ ≤ λi and
φj−1 < φ ≤ φj .
3.2.2. Eyeball planets
In the limit that a planet’s atmosphere is thin enough
as to have negligible thermal inertia and negligible heat
transport, the temperature of a given region on the
planet’s surface is dictated entirely by radiative equilib-
rium with the incident stellar flux F?. If φ is the angle
of the star measured from the zenith as seen from an ob-
server at a point on the planet surface, the temperature
at that point is given by (e.g., Maurin et al. 2012)
T (φ) = max
(
Tnight,
(
F?(1−A) cosφ
σ
) 1
4
)
, (18)
where A is the planetary albedo, σ is the Stefan-
Boltzmann constant, and Tnight is the temperature of
the unilluminated night side, which may be nonzero due
to, e.g., a geothermal heat flux. Note that for a planet
at full phase, φ is identical to the angular measure used
in §3.2.1. From here on out, we refer to φ as the “zenith
angle,” defined in the range [0, pi].
The corresponding spectral radiance, Bλ, is given by
Planck’s law,
Bλ(λ, φ) =
2hc2
λ5
1
e
hc
λkBT (φ) − 1
, (19)
where h is Planck’s constant, c is the speed of light, kB
is Boltzmann’s constant, and λ is the wavelength. While
the finite angular size of the star as seen from its planets
can result in illumination past the day/night terminator
(φ = pi2 ), the change in the radiance of the planet is
negligible and we do not consider it here.
As before, let us discretize the radiance gradient. Re-
gions of constant radiance are once again spherical seg-
ments. When the planet is seen at full phase, the curves
bounding these regions are concentric circles centered on
the sub-stellar point, as in the limb-darkened case. At
half phase, these become lines perpendicular to the vec-
tor connecting the planet and the star. At intermediate
viewing angles, these curves are segments of ellipses.
Figure 4 shows an example of a region of constant sur-
face brightness extending from the sub-stellar point to
a zenith angle φ. This region is a spherical cap, which
in the observer’s frame is bounded by an ellipse of semi-
major and semi-minor axes
a = rP sinφ
b = rP sinφ| sin θ|, (20)
respectively, where rP is the radius of the body and θ is
the phase angle, the angle between the sub-stellar point
and the axis perpendicular to the line of sight and par-
allel to the orbital plane (see Figure 4). For an orbit at
arbitrary eccentricity viewed edge-on and aligned with
the xz plane, with the x axis pointing to the right on
the sky and the z axis pointing into the sky, this angle is
simply the mean longitude of the orbit and is given by
θ = arctan2 (z, x) , (21)
where z and x are the coordinates of the planet in this
frame and arctan2 is the two-argument arctangent func-
tion. We discuss how to compute θ for arbitrary orbital
geometries in Appendix B.
As expected, when θ = ±pi2 (full/new phase), a = b
and the bounding region is a circle; when θ = 0 (half
phase), b = 0 and the bounding region is a line. In
general, assuming the planet is centered at the origin, it
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Fig. 4.— Geometry of a region of constant surface brightness
on the planet surface, seen from three different vantage points. In
general, such a region is a thin spherical segment of radius a =
r sinφ, where r is the radius of the body and φ is the zenith angle.
The boundaries of each region are circles, which when projected
onto the sky plane become ellipses with semi-major axis a and
semi-minor axis b = a sin θ, where θ is the phase angle. In this
example, we show a spherical cap extending to φ = pi
4
for a planet
at θ = pi
8
. Note that a portion of the elliptical boundary is behind
the limb of the planet (dashed lines). See text for details.
is straightforward to show that the ellipse is centered at
x0 = −rP cosφ cos θ
y0 = 0. (22)
Note that we must also account for the fact that the
ellipse may not be fully visible to the observer. In the
example shown in the figure, the points where the ellipse
crosses beyond the limb of the planet are indicated as
red dots. It can be shown that the x coordinate of these
points is
xlimb = x0 − rP cosφ sin θ tan θ
= x0 sec
2 θ. (23)
As we discuss below, this formalism allows us to ap-
proximate the occulted planet flux as a sum over the inte-
grals of elliptical segments, which are analytic when one
of the axes of the ellipse is parallel to the x axis. This is
the case for a planet in an edge-on orbit whose emission is
symmetric about the sub-stellar point. However, planets
in sufficiently inclined orbits or planets with latitudinal
offsets in the location of their peak emission break this
symmetry. In Appendix B we derive the geometry for the
general case of a planet in any orbit and with an arbitrary
offset in its hotspot, showing that our semi-analytic inte-
gration scheme can be straightforwardly adapted to that
case. We will see later how this can be used to model
phase curves of planets with vigorous winds that shift the
position of the hotspot away from the sub-stellar point,
provided one replaces Equation (18) with the appropriate
temperature map.
3.2.3. Integration scheme
Given the discretized radiance gradients discussed
above, we wish to compute the total flux occulted by
a body that passes in between the emitting body and
the observer. This may be computed as the integral of
the occulted planet’s radiance evaluated over the region
of overlap of two circles. In both the limb-darkened and
airless body cases, all curves of constant radiance are el-
lipses (or circles), so the problem is reduced to a sum over
one dimensional integrals of ellipses, which are analytic
(see Appendices A.1 and A.2). In Appendix C we show
how this integration may be fully automated by identify-
ing all relevant points of intersection between the ellipses,
sorting them, and evaluating the integrals in the region
between all pairs of adjacent points. Figure 5 illustrates
this integration scheme for a planet-planet occultation.
3.2.4. Phase curves
For an airless planet, the spatially variable radiance
map results in a periodic phase curve signal over the
course of its orbit. planetplanet computes phase
curves using the same integration scheme described
above. In Appendix B we show sample phase curves
of planets in eccentric and inclined orbits computed with
planetplanet.
3.2.5. Model validation
We validate our light curve model against pysyzygy7
and batman (Kreidberg 2015) (for transit light curves)
7 https://github.com/rodluger/pysyzygy/
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Fig. 5.— An example of the integration scheme for a planet-
planet occultation of an “eyeball” planet. The occultor O is at the
top left and the occulted planet P is at the bottom right. The
latter is an airless body at a phase angle θ = pi
4
with a radiance
given by Equation (19). This gradient is discretized into regions of
constant radiance, shaded accordingly in the figure. The day/night
terminator is indicated by the dashed curve, and the sub-stellar
point is indicated by a star. The flux of P that is occulted by O is
computed by identifying all intersection points xn between curves
(red points) and summing the integrals over each of the regions in
both P and O that are bounded by adjacent pairs of these points
(xn and xn+1 in the figure). The vertical blue lines are the limits
of integration. As the boundary functions fj of these regions (dark
blue curves) are either circles or ellipses, all integrals are analytic.
The total occulted flux is then the product of the area Aj of each
region and its radiance.
and against a two-dimensional integration of the radiance
map (for planet-planet occultations). pysyzygy is a stan-
dard implementation of the Mandel & Agol (2002) tran-
sit model for limb-darkened light curves, while batman is
an adaptive algorithm that, similarly to planetplanet,
discretizes the surface brightness gradient into concentric
rings and computes light curves semi-analytically with
high precision. We find that the transit light curves gen-
erated by planetplanet agree with those of pysyzygy
and batman at the < 1 ppm level over a range of orbital
parameters and limb darkening coefficients.
We validate our occultation light curves by direct in-
tegration of the planet emission profile in the area of in-
tersection between the planet disk and the occultor disk.
We discretize the planet disk with a Cartesian grid and
compute the radiance at each point from Equation (19),
with a temperature given by Equation (18) and zenith
angle given by Equations (B2)–(B4). We find that our
code matches the occultation light curves generated in
this fashion to within the error level of the direct inte-
gration procedure.
3.3. Detectability
In order to assess the detectability of PPOs, we com-
pute the expected signal-to-noise ratio (SNR) of occulta-
tions modeled with the photodynamical code described
above. Since the SNR is instrument- and wavelength-
dependent, in our base cases we explore the detectability
of PPOs with the James Webb Space Telescope (JWST)
Mid-IR Instrument (MIRI) 15 µm filter; in later sections,
we assess the detectability of PPOs at different wave-
lengths and with different instruments.
Scheduled for launch in early 2019, JWST will offer an
unprecedented view of exoplanetary systems by accessing
wavelengths in the range ∼0.6 − 30 µm (Gardner et al.
2006). The mid-IR capability of JWST/MIRI is uniquely
suited for secondary eclipse and PPO observations due
to the rise in signal contrast towards longer wavelengths.
Since the signals of interest are photons emitted from the
planet, stellar photons only contribute noise. It is there-
fore advantageous to observe such occultation events at
longer wavelengths where the stellar flux declines along
the Rayleigh-Jeans tail and the thermal flux from tem-
perate planets peaks.
We assess the detectability of PPOs with JWST/MIRI
by simulating time-series filter photometry. We con-
sider both shot noise and radiative background noise.
Our background noise estimates follow the 6-component
gray-body emission spectra from Glasse et al. (2015),
which account for scattered and emitted zodiacal dust
and observatory straylight. MIRI has 9 photometric fil-
ters spanning ∼5 − 30 µm (Bouchet et al. 2015). We
acquired publicly available MIRI filter response curves
online.8 Although we consider all 9 filters, we focus pri-
marily on the 15 µm filter (F1500W) because we find it
to be optimal when considering the rise of both the signal
contrast and the background noise towards longer wave-
lengths. As we show below, the 12.8 µm filter (F1280W)
yields comparable SNR for PPOs in TRAPPIST-1.9
To construct light curves, we assume consecutive im-
ages are captured with the same exposure time and ne-
glect readout and reset time. We interpolate the filter
throughput curve Tλ to the high resolution spectrum grid
Fλ output by the photodynamical model. We then cal-
culate the number of photons detected from the system,
Nsys =
nAt
hc
∑
λ
Fλλ∆λTλ, (24)
where A is the telescope aperture (25 m2 for JWST), t is
the exposure time, n is the number of observations (in the
case of stacking), λ is the wavelength bin, ∆λ is the width
of the wavelength bin, and h and c are Planck’s constant
and the speed of light, respectively. The calculation for
the background photons Nback is analogous.
Given Poisson errors, the SNR of an individual mea-
surement j is
SNRj =
N0,j −Nsys,j√
Nsys,j +Nback,j
, (25)
where we have defined the “signal” as the difference be-
tween the number of photons one would detect if no oc-
cultation event occurred (N0) and the number of photons
actually observed (Nsys).
The SNR of an occultation (or a set of multiple oc-
cultations) is the quadrature sum of the SNR on each
8 http://ircamera.as.arizona.edu/MIRI/pces.htm
9 Calculations using all 9 MIRI filters can be performed using
our code on github.
10 Luger, Lustig-Yaeger and Agol (2017)
individual measurement taken during the event(s):
SNR =
√√√√∑
j
(N0,j −Nsys,j)2
Nsys,j +Nback,j
. (26)
In the case that the occultation model has a single degree
of freedom (such as the time of the occultation), the SNR
is equivalent to the significance of the detection under the
model; i.e., an SNR = 5 feature is a 5σ detection of an
occultation. In general, however, if the orbital parame-
ters of the two bodies involved in the occultation are not
well constrained, the significance of the detection will be
lower than the SNR. Moreover, the equation above im-
plicitly assumes that the continuum (N0) is known pre-
cisely; in general, stellar and instrumental variability will
introduce uncertainty on this value, which will increase
the noise and decrease the SNR. We therefore caution
that the SNR estimates presented in this paper are opti-
mistic.
We note, finally, that our SNR metric can be scaled to
telescopes with different areas and throughputs:
SNR′ ≈
√(
A
25 m2
)( 〈Tλ〉
0.3
)
SNR (27)
where A is the collecting area of the telescope and 〈Tλ〉 is
the effective throughput in the ∼13.5−16.5µm bandpass.
Note that the SNR is not linear in other parameters, such
as the wavelength or the telescope background level. We
therefore provide code on github to compute the SNR
for arbitrary telescope specifications.
4. APPLICATION TO TRAPPIST-1
In this section we present our results for the
TRAPPIST-1 system, but our methodology is general
and can be used to model planet-planet occultations in
any nearby multi-planetary system. In our photometric
calculations, we assume an optimistic albedo of 0 for all
planets unless otherwise stated. We consider the two at-
mospheric limits outlined above: airless (“eyeball”) plan-
ets, which we assume have a fixed night side temperature
Tnight = 40 K, and bodies with thick atmospheres and
uniform radiance, which we model in the limb-darkened
limit with ui(λ) = 0. These assumptions can be easily
changed or relaxed in planetplanet. The stellar lumi-
nosity is sampled from L? = 0.000524 ± 0.000034 L
(Gillon et al. 2017) and the effective temperature is com-
puted from this value via the radius, R? = 0.121 ±
0.003 R (Burgasser & Mamajek 2017).
4.1. Dynamics
The frequency of occurrence and the dynamical proper-
ties of planet-planet occultations (including, for instance,
their distribution in orbital phase, their durations, and
their impact parameters) are extremely sensitive to the
full three-dimensional architecture of a planetary sys-
tem. Transit photometry and TTV analyses have thus
far constrained many of the orbital parameters of the
seven planets in TRAPPIST-1. In our analyses below,
we compute the statistics of planet-planet occultations
by sampling the posterior distributions reported in Gillon
et al. (2017) and Luger et al. (2017). At present, the ec-
centricities of the planets are constrained with only up-
per limits (. 0.01). For these, we use estimates based
on a migration and tidal evolution model (Luger et al.
2017), drawing the longitude of pericenter from uniform
distributions in the range (0, 2pi]. Table 2 shows the dis-
tributions assumed for the orbital parameters of each of
the planets.
Currently, the largest source of uncertainty relevant
to PPOs are the longitudes of ascending nodes (Ω) of
the planets, which are completely unconstrained. For
an edge-on system like TRAPPIST-1, Ω is the angle of
rotation of the orbital plane on the sky relative to some
reference direction. In general, transit light curves are
completely insensitive to the value of Ω; however, the
relative value ∆Ω for each pair of planets controls their
sky-projected separation, such that planets with large
∆Ω may never occult each other away from the disk of
the star. In the following section, we describe a Monte
Carlo technique we developed to place constraints on ∆Ω
for the TRAPPIST-1 planets.
4.1.1. Coplanarity of TRAPPIST-1
For a perfectly coplanar, circular planetary system, the
planets should have T ′ = T/
√
(1 + p)2 − b2 ∝ P 1/3,
where b is the impact parameter, p = rP/R? is the
planet/star radius ratio, a is the semi-major axis, P is
the period, and T is the transit duration from first con-
tact to last. Figure 6 shows the value of T ′ for each of
the TRAPPIST-1 planets alongside this relation. The
transit durations satisfy the above relation surprisingly
well, suggesting a very coplanar system.
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Fig. 6.— Rescaled transit duration, T ′, versus orbital period.
The median impact parameter, b, and radius ratio, p = rP/R?, is
used to compute T ′ = T/((1+p)2−b2)1/2. A curve with T ′ ∝ P 1/3
is overplotted assuming a stellar density of ρ? = 51ρ.
The coplanarity of the system can be used to place
strong prior bounds on the values of ∆Ω for each of the
planets. To quantify this coplanarity, we generated ran-
dom planetary systems with planets in different orbital
planes and simulated observations of each system, assign-
ing a probability to each based on how well the observed
transit durations matched the simulated durations.
We randomized orbits with periods drawn from the
observed values of the seven planets and zero eccen-
tricity. We justify the assumption of zero eccentricity
since for the small (. 0.01) values estimated from the
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Fig. 7.— Probability of polar angle scatter, σϑ, marginalized over
ρ? and assuming circular orbits for the planets (blue dots/line).
Cumulative probability distribution shown in green.
tidal/migration simulations (Luger et al. 2017), the tran-
sit duration should only be affected by <1%, which is
comparable to the uncertainty on the transit durations
of the outer five planets. The inner two planets have
smaller duration uncertainty, but are expected to have
even smaller eccentricity due to tidal circularization. We
drew the angular momentum vectors of the planets in
each simulated system from a Gaussian in polar angle, ϑ,
with an assumed width, σϑ, relative to the system angu-
lar momentum axis. We drew the azimuthal angle of the
angular momentum vector uniformly, and finally drew
an observer from a uniform location within 2◦ of edge-on
(since outside this region one or more of the planets are
not seen to transit). We made a grid of (σϑ, ρ?) val-
ues, where ρ? is the stellar density, and computed the
expected transit duration for each planet, drawing the
planet radius ratios from the values observed by Gillon
et al. (2017) and Luger et al. (2017). Note that we did
not fit the observed impact parameters, as these are less
well constrained from the observed transits and are thus
strongly correlated with one another and with the transit
durations. The transit durations, on the other hand, are
not correlated amongst the planets as they are well con-
strained by the data. For each grid point of (σϑ, ρ?), we
ran 106 simulations of planet system plus observer, com-
puting the probability of the transit durations compared
to the durations measured by Gillon et al. (2017); if one
or more simulated planets does not transit, we set the
probability to zero. We summed up the probabilities over
all simulations for each grid point, assigning the summed
probability to each grid point. This procedure yields a
joint probability distribution estimate of the stellar den-
sity and the coplanarity of the planets. Although this is
not as efficient as the analytic approach of Brakensiek &
Ragozzine (2016), we expect it to give good constraints
on the system parameters given our assumptions.
Figure 7 shows the inferred value of σϑ, which indicates
that this system is extremely coplanar, with σϑ < 0.3
◦ at
90% confidence. Figure 8 shows the inferred stellar den-
sity of ρ?/ρ = 51.14±0.67, which has a narrower distri-
bution than that computed in Gillon et al. (2017). The
more precise value of the stellar density results from the
assumption that the planets’ angular momentum vectors
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Fig. 8.— Density of the star, ρ?, in units of the Solar density, ρ,
marginalized over σϑ. Best-fit Gaussian (blue curve), and double-
sided Gaussian (green) with uncertainties from Gillon et al. (2017).
are drawn from a single distribution rather than allowing
the inclinations of each planet to vary independently. We
have tried relaxing the circularity constraint, and found
a consistent result, as expected.
4.1.2. Sample integration of TRAPPIST-1
At present, the uncertainties on the orbital parame-
ters of the TRAPPIST-1 planets are too large to permit
a deterministic prediction of the time of planet-planet
occultations. Nevertheless, we may compute the fre-
quency of occultations and their distribution in phase
space by drawing planet properties from their respec-
tive distributions (Table 2). We assume a stellar mass
M? = 0.0802±0.0073 M (Gillon et al. 2017) and radius
R? = 0.121 ± 0.003 R (Burgasser & Mamajek 2017).
Planet radii are self-consistently computed from the stel-
lar radius and the transit depths in Table 2. We draw
the longitudes of ascending node of each planet from a
Gaussian with standard deviation σΩ, which for simplic-
ity we take to be the same as σϑ, whose distribution
was derived in §4.1.1. This is technically incorrect, as
the polar angle, ϑ, of the angular momentum vector of
a planet has both an inclination component and a longi-
tude of ascending node component, requiring σΩ ≤ σϑ.
The σΩ distribution does not have an analytic expression
resulting from our dynamical simulations, but our choice
is conservative in the sense that the mutual inclinations
of the planets are slightly smaller than we assume here.
In practice, however, since the system is so coplanar,
this choice does not significantly affect our conclusions.
Finally, we also neglect covariances between the orbital
parameters of the different planets, except for the incli-
nations, which are are significantly correlated. We draw
the set of inclinations from the full posterior distributions
of Gillon et al. (2017).
For a given set of orbital parameters, we use
planetplanet to integrate the orbits forward in time
with the REBOUND N-body code in order to capture dy-
namical interactions among the planets. We use the
15th order IAS15 integrator with a timestep of one hour,
which we find leads to a maximum error in the sky-
projected separation of two planets of less than one per-
cent the planet radii over one (Earth) year. We oversam-
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Fig. 9.— Three years of planet-planet occultations in TRAPPIST-1, for a single random draw from the orbital parameter distributions in
Table 2. The system is seen from above, with the observer located towards the bottom of the plot and planets orbiting counter-clockwise.
The initial orbital outlines of each of the seven planets are shown in grey, and each occultation is indicated as a colored circle placed at
the location of the occulted planet at the time of the event. Circle colors correspond to different occultors: black is an occultation by the
star (i.e., secondary eclipse), red is an occultation by b, and so forth (see legend at top left). Circle sizes are proportional to the event
duration (legend at top right), and the opacity is proportional to the SNR of the occultation as seen by JWST/MIRI at 15 µm (legend at
lower left). The “X”s indicate mutual transits, or planet-planet occultations occurring on the face of the star.
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ple each timestep on a finer 10 second grid, over which we
take Keplerian steps. We use Equation (13) to determine
when occultations occur.
Figure 9 shows the results of a sample 3-year integra-
tion of the TRAPPIST-1 system. System parameters
were drawn from the distributions in Table 2. The figure
shows a top-down view of the system, with the observer
located towards the bottom and planets orbiting counter-
clockwise. Each planet-planet occultation event is indi-
cated as a circle, whose color, size, and transparency in-
dicate the occultor, the duration of the event, and the
signal-to-noise ratio (SNR) of the occultation, respec-
tively; refer to the legends for details. To compute SNRs,
we assume zero albedo “eyeball” planets observed in the
JWST/MIRI 15 µm filter (see §3.3). The “X”s indicate
mutual transits, which are planet-planet occultations on
the disk of the star (see §5.6).
For this particular set of system parameters, 1,499
planet-planet occultations occur among the TRAPPIST-
1 planets over the course of 3 years, averaging to about
1.4 per (Earth) day. We find that this is a typical rate
when marginalizing over the uncertainties on the orbital
parameters. Nevertheless, it is evident from the figure
that the vast majority of occultations are very short-
lived ( 10 minutes), which poses challenges to their
detectability. Longer, higher SNR occultations are less
frequent, but still occur several tens of times per year
for certain planet pairs (see §4.1.3). Occultations of b
and c (circles along the two innermost orbital tracks) are
the most common and occur over a wide range of orbital
phases. Their duration is a strong function of phase:
occultations of b on the near side of the star (mean lon-
gitude λb ≈ −90◦) last upwards of 30 minutes, while
those on the far side of the star (λb ≈ 90◦) last on the
order of tens of seconds and are not visible in the figure.
This is because the former case happens when the sky-
projected velocity vectors of b and its occultor (usually
c) are aligned, resulting in the smallest relative veloc-
ity among the two planets, while the latter case happens
when the occultor is on the near side of the star and b is
on the far side, such that the two planets are moving in
opposite directions on the sky and thus have large rela-
tive velocities. Conversely, the longest occultations of c
occur on the far side of the star, sometimes exceeding a
few hours (see below). Occultations of the other planets
span a wide range of durations. Most notably, an occul-
tation of f by g and one of g by h last ∼8 hours due to
the longer orbital periods of the outer planets.
The highest SNR PPOs are occultations of c by b oc-
curring on the far side of the star. A few stand out,
in particular, as they are much longer than the others
and approach SNR∼3. These are repeated occultations,
in which the relative velocity of the two planets changes
sign one or more times over the course of the event, ef-
fectively extending the duration of the occultation. The
highest SNR one is an occultation by b just before new
phase (large red circle to the right of secondary eclipse).
It begins when b has just passed quadrature (λb ≈ 0◦),
moving primarily away from the observer, while c is
closer in phase to secondary eclipse, moving faster on
the sky plane. The occultation is prolonged due to the
fact that as b passes quadrature it speeds up on the sky
and catches up to c. Eventually, as b approaches sec-
ondary eclipse, its sky velocity exceeds that of c and c
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Fig. 10.— A PPO doublet in TRAPPIST-1. This is an occulta-
tion of planet c (colored disks) by planet b (gray disks) when c is
close to full phase. The time in minutes is indicated above or below
each image, and an arrow indicates the relative velocity vector of
the two planets. The “W” light curve shape is due to the fact that
the relative velocity changes sign at t = 0. This occultation lasts
about 160 minutes. An animation of this PPO can be viewed with
the code on github.
emerges from the occultation. For clarity, we refer to an
occultation that is prolonged due to a change of sign in
the planets’ relative velocity as a “doublet.” This applies
to events that appear as a single, continuous occultation
or to two occultations separated in time but happening
in the same orbit; see Figure 10. In some cases (see §4.3)
there may be two successive changes of sign in the rela-
tive velocity, which we refer to as “triplets.”
Doublets can be seen for other planets as well, in par-
ticular for occultations of b and c by e (light green cir-
cles on either side of new phase) and occultations of d
by b and c (light red and orange circles on either side of
full phase). These are less detectable than doublets of
planet c, but are also quite common. In general, dou-
blets in which c is occulted by b are likely to be the most
detectable PPOs in TRAPPIST-1 because of their high
SNR. Given semi-major axes ab and ac of b and c, re-
spectively, these necessarily occur when c is on the far
side of the star with mean longitude
pi
2
− sin−1
(
ab
ac
)
≤ λc ≤ pi
2
+ sin−1
(
ab
ac
)
43◦ . λc . 137◦. (28)
These are therefore occultations of primarily the day side
of c. While occultations by b typically last between 30
and 60 minutes, doublets like the ones seen in the fig-
ure can last over 2 hours. Moreover, since b is slightly
larger than c, these are often full or near-full occulta-
tions, although the impact parameter of the occultation
is sensitive to the longitudes of ascending nodes of the
two planets. Figure 10 shows an example of such a dou-
blet.
4.1.3. PPO statistics for TRAPPIST-1
The results presented in the previous section were for
a single draw from the distributions of orbital param-
eters allowed by observations of the system up to the
present time. Planet-planet occultations are aperiodic,
and therefore different realizations of the system lead to
very distinct occultation maps like the one shown in Fig-
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Fig. 11.— Posterior distributions for the mean longitude, impact
parameter, duration, and JWST/MIRI 15 µm signal-to-noise ra-
tio (SNR) of all occultations of TRAPPIST-1b, assuming a thick
atmosphere with uniform radiance. These were plotted using the
corner package (Foreman-Mackey 2016). Panels at the top of each
column are the marginalized distributions; other panels are the
joint posteriors, where the darkness is linearly proportional to the
probability density. These distributions are marginalized over the
uncertainties on the orbital parameters of all bodies in the system.
Occultations of b are piled up in phase near quadrature and transit.
Grazing, low SNR occultations are most common, with a long tail
to occultations exceeding SNR∼1.5; these are the most detectable
ones, occurring primarily near quadrature. Occultations lasting
about 5 minutes are typical, but a small fraction can exceed one
hour.
ure 9. It is therefore instructive to consider the statis-
tics of PPOs in TRAPPIST-1 when marginalizing over
the uncertainties on the orbital parameters, so that we
may quantify the expected frequency of PPOs given all
the information known at present. We therefore ran an
ensemble of 50,000 1-year integrations of TRAPPIST-1,
each time drawing orbital parameters from their respec-
tive distributions and integrating the system forward in
time as before. We performed two such simulations, one
for each atmospheric limit (uniform and “eyeball” plan-
ets) so that we may compute statistics on the expected
SNR of the occultations.
Figure 11 shows the posterior distributions for the
mean longitude λ, impact parameter b, duration ∆t, and
MIRI 15 µm SNR of all planet-planet occultations of
TRAPPIST-1b assuming uniform radiance. These in-
clude occultations by all planets, though occultations by
c are the most common. PPOs occurring behind the
star (i.e., during secondary eclipse) are not included in
the figure, as they are not observable. The plots at the
top of each column are the fully marginalized distribu-
tions. These show that occultations of b occur primarily
near quadrature (λb ≈ 0◦ or 180◦), and somewhat less
frequently near transit (λb ≈ −90◦). The duration peaks
around 5 minutes, with a long tail toward long (> 1 hour)
occultations. The SNR of the occultations peaks at very
low values: the vast majority of PPOs of b are either very
short and/or grazing events that are not individually de-
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Fig. 12.— Same as Figure 11, but for occultations of TRAPPIST-
1c and assuming an “eyeball” planet with a dark night side. The
distributions are qualitatively similar to those of b, although now
the vast majority of occultations are by b, occurring halfway be-
tween quadrature and secondary eclipse, in a narrow region near
λc ≈ 43◦ and λc ≈ 137◦ (see Equation 28).
tectable with JWST. However, the SNR distribution also
shows a long tail extending past SNR∼1.5. As we show
below, these occultations occur, on average, about ten
times per (Earth) year and may be jointly detectable.
Below the marginalized distributions, we plot the joint
posterior distributions for each combination of the three
parameters. There is a strong correlation between longi-
tude and duration: the shortest events are those where
b is on the far side of the star near secondary eclipse,
when the occultor is necessarily on the near side of the
star moving in the opposite direction. Conversely, for
λb ≈ −150◦ or −30◦, the long “doublet” occultations of
b by c discussed in §4.1.2 are possible, resulting in events
that can exceed two hours. The SNR is also strongly cor-
related with the duration: longer events typically have
the highest SNR. These primarily occur very close to
quadrature or in the vicinity of transits of b.
Figure 12 shows the same distributions, but for oc-
cultations of TRAPPIST-1c and this time assuming an
“eyeball” planet. The distributions of impact parameter,
duration and SNR are quite similar to those of b, but
the longitude posterior now peaks at λc ≈ 43◦ or 137◦,
as expected from Equation (28). These are primarily oc-
cultations by b when its sky-projected velocity is close
to zero, resulting in a much higher occultation probabil-
ity. Even though our calculations marginalize over the
uncertainties on all orbital parameters, the two peaks in
the histogram are extremely narrow, with FWHM ∼ 2◦,
as this width is due primarily to the uncertainty on the
semi-major axes of the two planets. The peaks in the
longitude posterior coincide with the peaks in the SNR,
which also extend past SNR∼1.5. As with occultations
of b, these may be detectable by JWST if several are
observed.
Occultation statistics of all TRAPPIST-1 planets, in
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both atmospheric regimes, can easily be plotted with the
tools made available on github. Plots for planets d–h
are qualitatively similar to those shown here, although
the SNR of the occultations is significantly lower.
In Figure 13, we marginalize over all system parame-
ters and plot histograms of the number of “potentially
observable” occultations of each of the planets expected
over the course of one (Earth) year under the two atmo-
spheric regimes: uniform (left) and “eyeball” (right). We
define “potentially observable” occultations as those with
SNR > 1, for which less than 25 must be observed for a
SNR = 5 joint detection. The mean and standard devi-
ation from a Gaussian fit to these histograms are shown
in the legends. Given our current knowledge of the or-
bital parameters of TRAPPIST-1, we expect there to be
17.3±9.1 and 6.9±3.8 potentially observable occultations
per year of TRAPPIST-1b and TRAPPIST-1c, respec-
tively, if they are uniform emitters. If these planets have
dark night sides and the day side emission dominates,
occultations of planet c are more common, at 10.0± 6.9
per year (versus 2.5± 11.2 per year for b). Note the ex-
tremely high variance in these estimates, originating in
the uncertainty in the orbital parameters. In particular,
if TRAPPIST-1b has a dark night side, there is an 86%
probability that it will have no SNR > 1 occultations in
a given year. This is because occultations of the day side
of TRAPPIST-1b can only occur by planets on the oppo-
site side of the star and are therefore extremely short, low
SNR events. If TRAPPIST-1b has a bright night side,
on the other hand, the probability that there will be no
significant occultations is less than 1%, as night side oc-
cultations by c are common for nearly all configurations
of the system allowed by the prior. The probability of
no significant occultations of TRAPPIST-1c is about 2%
in both cases. Note also that the distributions for both
planets have long tails extending to upwards of 30 oc-
cultations per year, particularly in the “eyeball” limit.
Finally, high SNR occultations of the other planets are
rare and are likely not detectable with JWST. The ex-
ception to this is TRAPPIST-1d, which could undergo a
few potentially detectable occultations per year if it has
a strong day/night temperature contrast.
In Figure 14, we plot the number of occulta-
tions per year with SNR above a certain threshold
for all TRAPPIST-1 planets, again in both atmo-
spheric regimes. These show that a uniform radi-
ance TRAPPIST-1b undergoes, on average, PPOs with
SNR > 1 about 20 times per year, PPOs with SNR > 2
about 4 times per year, and so forth. An “eyeball”
TRAPPIST-1c experiences SNR > 1 PPOs about 10
times per year, and SNR > 2 PPOs also about 4 times
per year. In the plot legends, we indicate the total aver-
age SNR of all occultations of each of the planets in one
year; this is equal to the quadrature sum of all events
involving a given planet. Depending on the atmospheric
properties of the planets, if one were to observe all occul-
tations of b or c in a given year, these could be jointly de-
tected with SNR&8. In parentheses, we indicate the total
SNR if only “potentially detectable” (SNR > 1) occulta-
tions are observed. Interestingly, the total SNR does not
decrease significantly, as most of the signal originates in
the highest SNR occultations. Thus, if one were to ob-
serve the ∼20 highest SNR occultations of TRAPPIST-
1b or the ∼10 highest SNR occultations of TRAPPIST-
1c, a SNR > 7 detection of PPOs would still be possible
in a single year.
A few words of caution are in order at this point. As
we mentioned in §3.3, the SNR is only equivalent to
the significance of the detection (in standard deviations)
when the occultation model has a single degree of free-
dom. Given our current (lack of) knowledge of many
of the orbital parameters of the TRAPPIST-1 planets,
the large number of degrees of freedom in our model
would likely preclude a robust detection of PPOs with
JWST by jointly modeling events that are not individ-
ually detectable in the data. However, the precision on
the masses, inclinations and eccentricity vectors for the
TRAPPIST-1 planets is expected to increase substan-
tially in the next few years as TTV measurements and
eventually secondary eclipse measurements reduce the
uncertainties on these values. This will in turn greatly
reduce the uncertainty on the timing and properties of
individual PPOs, increasing the statistical significance of
a detection involving multiple events. We return to this
point in §5.3.
Alternatively, Figure 14 suggests that events with
SNR&4 may occur once every few years, on average.
While rare, these could be potentially individually de-
tectable with JWST. These are long-lasting PPO dou-
blets that are in general only possible if the mutual in-
clination of TRAPPIST-1b and c is small, leading to a
full or near-full occultation that lasts several hours.
Finally, we note that the histograms in Figure 14 cor-
respond to the mean occultation rate when considering
the present-day uncertainties on the orbital parameters.
The variance in these estimates is high and the values
are likely to change as more orbital information becomes
available. However, even if the orbital parameters of all
planets are known exactly, the aperiodicity of PPOs will
still lead to yearly variations in the occultation rate, al-
beit with much smaller variance than that shown in Fig-
ure 13.
4.2. Photometry
We used planetplanet to produce synthetic light
curves of TRAPPIST-1 over a range of wavelengths,
modeling all transits, secondary eclipses, planet-planet
occultations, and phase curves. Stellar variability is not
modeled. All planet and system parameters are drawn
from the same distributions as in the previous sections.
Below we present sample system light curves and discuss
their features.
4.2.1. Sample light curve
Figure 15 shows the full light curve of the TRAPPIST-
1 system over the course of ten days for a random real-
ization. The light curve is computed at a wavelength of
15 µm and is normalized to a mean of unity. Planets
are assumed to be airless “eyeballs”, giving rise to the
prominent phase curve modulation. All events are la-
beled with the name of the occulted body and colored
according to the occultor. Transits by nearly all planets
(labeled “A”) are evident, with depths on the order of
1%. Secondary eclipses (black labels) are also visible for
most planets, with depths ranging from 0.05% (500 ppm)
for b to 0.0015% (15 ppm) for h. These are also the mag-
nitudes of the phase curve amplitudes; the overall phase
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curve is dominated by that of b and c. All other labeled
events are planet-planet occultations (4 of b, 6 of c, 1 of
d, 2 of e, and 3 of h). The occultation of c by b at t =
7.4 days has a depth of 200 ppm, and that of b by c at
t = 9.1 days has a depth of 250 ppm, which is within a
factor of 2 of the depth of their secondary eclipses.
4.2.2. Sample occultation
Figure 16 shows a sample occultation of TRAPPIST-1c
by TRAPPIST-1d. We chose this occultation in partic-
ular because it highlights the ability of PPOs to probe
a planet’s day/night temperature contrast and even gen-
erate crude surface maps in the mid-infrared. This oc-
cultation occurs shortly after c has passed quadrature,
such that about half its day side and half its night side
are visible. TRAPPIST-1d is on the near side of the
star, close to halfway between quadrature and transit,
and the occultation occurs as it overtakes c on the sky.
At occultation center, d is fully within the disk of c, but
because d is smaller, only about half of the disk of c is
occulted. The illustration at the top of the figure shows
the progression of the occultation: d is the grey disk, and
c is colored with an intensity proportional to the surface
radiance in the “eyeball” limit. The occultation proceeds
such that the night side is occulted first, followed by the
day side. The event lasts a total of 15 minutes.
The top panel of the figure shows the occultation
light curve normalized to a stellar continuum of unity.
The light curve is plotted for two different regimes of
TRAPPIST-1c: a thick atmosphere with uniform radi-
ance (blue; see §3.2.1) and a thin/negligible atmosphere
with an “eyeball” radiance map (green; see §3.2.2). The
former case leads to a light curve that is symmetric about
the occultation midpoint, reflecting the assumed radial
symmetry of the planet disk. The latter case leads to a
distinctly asymmetric light curve, whose time of min-
imum flux is shifted by ∼2.5 minutes. In the airless
regime, occultation of the cold (T = 40 K) night side
leads to a negligible change in flux; ingress only occurs
when TRAPPIST-1d begins to occult the bright day side
of c and flux minimum occurs when the region in the
vicinity of the substellar point is occulted. The occul-
tation depth in the airless case is thus smaller by about
15% compared to the thick atmosphere case.
The next panel shows the difference between the two
light curves in parts per million (ppm) of the total sig-
nal. If the timing of the occultation is precisely known a
priori, these residuals suggest that one can discriminate
between the airless case and the thick atmosphere case
at the ∼80 ppm level, assuming the observation cadence
is short enough and sources of correlated noise such as
stellar variability can be properly removed.
However, in the case that the time of occultation
is not precisely known—due to uncertainty in the or-
bital parameters of the two planets—there will be a de-
generacy between the day/night temperature contrast
of the planet and the orbital parameters of the oc-
culted/occultor pair, as a change in the latter can easily
cause a similar shift in the occultation time. Moreover, if
the albedo of the planet is unknown a priori, the depth
of the occultation is similarly not sufficient to distinguish
between an airless body and one with a thick atmosphere.
Finally, the duration of the event is in general degenerate
with the impact parameter: a shorter event can be ex-
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Fig. 16.— An occultation of TRAPPIST-1c by TRAPPIST-1d
at 15 µm as c approaches quadrature, for two different atmospheric
regimes: the thick atmosphere limit (blue curves) and the airless
body limit (green curves). In the former case, the planet disk is
radially symmetric, and the light curve is symmetric about the
midpoint of the occultation (t = 0). In the latter case, the stark
day/night temperature contrast leads to an asymmetry in the light
curve and a shift in the time of flux minimum. The light curves
at 15 µm are shown in the top panel. Below it, we plot the dif-
ference of the two curves, showing that the day/night temperature
contrast corresponds to a ∼80 ppm signal. However, if the time of
occultation, the albedo of the planet, and the duration of the event
are not known a priori, discrimination between an airless planet
and one with a thick atmosphere must be made based on the shape
alone. To this end, in the third panel, we shift and scale the green
curve so that the timing, duration, and depth coincide with those
of the blue curve. The residuals are shown in the bottom panel:
the curves are different at the ∼10 ppm level.
plained by either a large day/night contrast or a grazing
occultation. Therefore, absent constraints on the orbital
parameters and the albedo of the planet, distinguishing
between the two atmospheric limits must be done based
on the shape of the occultation alone. To this end, in
the third panel we plot the same light curves, but hav-
ing shifted and scaled the light curve corresponding to
the airless case so that its duration, time of minimum,
and depth match those of the thick atmosphere case. We
again plot the difference between the two below, which
has a maximum of ∼10 ppm during both ingress and
egress. This signal is unlikely to be detectable with
JWST (see §4.3), but constraints on the orbital param-
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eters (from TTVs and secondary eclipses) and on the
albedo (from secondary eclipses) can break several of the
degeneracies mentioned above, allowing one to constrain
the day/night temperature contrast based on the timing,
depth, and/or duration of the occultations. We return
to this point in §5.3.
4.3. Observability with JWST
In this section we use the methodology discussed
in §3.3 to produce simulated observations of PPOs in
TRAPPIST-1 with JWST. Figure 17 shows a simulated
PPO triplet of TRAPPIST-1c by TRAPPIST-1b ob-
served with MIRI at 15 µm with 5 minute exposure
times. As we discussed before, triplets occur because of
retrograde motion: when b is at quadrature and c is ap-
proaching secondary eclipse, the sky-projected velocity
of b is smaller than that of c. But as b approaches sec-
ondary eclipse, it speeds up on the sky and overtakes c.
On the opposite side of the star, b slows down once more
and c overtakes it. A simultaneous secondary eclipse of
both planets occurs at t = 0.32 days. The low frequency
modulation of the light curve is due to the combined
phase curves of b and c, which are assumed to be airless
bodies with zero albedo. For reference, diagrams of the
orbital positions of the two bodies are shown above each
of the occultations.
In green we show the high resolution noise-free light
curve, and in blue we show the light curve binned to
the exposure time; the latter is what we would observe
in the limit of infinite SNR. Black dots are the simu-
lated noised observations. The first (SNR∼1.3) and last
(SNR∼0.7) occultations of c are not statistically signif-
icant. At a SNR of ∼2.6, the occultation just before
secondary eclipse is marginally significant but not ro-
bustly detectable. The simultaneous secondary eclipse,
on the other hand, is a detectable SNR∼11.5 event. Un-
less TRAPPIST-1c has a higher surface temperature and
observations are made in an atmospheric window, most
individual PPOs of TRAPPIST-1c will likely be just be-
low the detectability threshold of JWST. As we discuss
in §5.3, this likely also applies to occultations of planet
b.
However, given the high frequency of occultations be-
tween TRAPPIST-1b and c (Figure 13), the observation
of multiple PPOs with JWST could lead to a statisti-
cally significant detection. In Figure 18 we plot the re-
sult of “stacking” four observations of the occultation
at t = 0.27 days in Figure 17, this time at a 5 minute
cadence. The phase curves and the secondary eclipses
have been subtracted out. In this case, stacking four ob-
servations leads to a detectable, SNR∼5.2 PPO. From
Figure 14, occultations with SNR at least as high as this
one are expected to occur about three times per year in
TRAPPIST-1, but could occur more (or less) frequently
due to the high variance.
Figure 19 shows the SNR on four stacked occultations
of planet c by planet b like the one in Figure 18 in all
nine MIRI filters (5 µm . λ . 26 µm). The F1280W
(12.8 µm) and F1500W (15 µm) filters are approximately
equal in their ability to optimally detect this particular
PPO event given our assumption here that TRAPPIST-
1c is an airless body. However, the presence of an at-
mosphere will affect the wavelength-dependent thermal
emission from the planet and may change the optimal
filter band. In particular, if TRAPPIST-1c has an atmo-
sphere with CO2 then we might expect relatively strong
CO2 absorption at 15 µm, as it is present in the spectra
of Venus, Earth, and Mars. CO2 absorption will make
the planet darker at these wavelengths and therefore
harder to detect in the F1500W filter. It is worth noting
that secondary eclipse observations in both F1280W and
F1500W may offer a simple test for a CO2-bearing atmo-
sphere by measuring the slope between the two eclipse
depths. A positive slope may be fit by a featureless black-
body while a flat line or negative slope could indicate
CO2 absorption.
Finally, a word of caution is in order. As PPOs are
not periodic or even strictly repeatable events, it is not
in general possible to simply stack multiple ones to im-
prove the SNR of the detection, as we did above. Even
for PPOs occurring at the same phase between the same
two planets, slight differences in the impact parameter
and the relative velocities of the two planets are likely to
lead to deconstructive interference in the stacked signal.
This is particularly problematic when the orbital param-
eters of the two planets are not well constrained (as is
currently the case), since the timing of the occultation—
and whether or not one occurs at all—is at best uncer-
tain.
Instead, given a series of n observations of the system,
one must jointly model all of them with a full photo-
dynamical model to derive posterior probabilities of the
quantities of interest, such as the effective temperature
of the occulted planet or its day/night temperature con-
trast. This allows one to marginalize over the unknown
orbital parameters—and over the uncertainty of whether
or not an occultation occurs at all—instead of risking
the contamination of real occultations with noise when
stacking. Figure 18 is therefore merely illustrative of the
fact that if the orbital parameters are well constrained,
on the order of four 2.6σ occultations of TRAPPIST-1c
are necessary for a robust detection. We return to this
point in §5.5.
4.4. Observability with OST
The Origins Space Telescope (OST; Cooray & Origins
Space Telescope Study Team 2017) is a NASA mission
concept currently under study for the 2020 Astronomy
and Astrophysics Decadal Survey. OST would be an
actively-cooled, mid- to far-IR, large aperture (8–16 m)
space telescope, and successor to JWST. OST’s access to
the far-IR may make it an ideal observatory for thermal
emission studies of nearby exoplanets, including PPO ob-
servations.
Similar to our estimates for JWST, we assess the ob-
servability of PPOs in the TRAPPIST-1 system with
OST. Given the active cooling of OST, we neglect back-
ground noise and assume photon-limited observations.
We simulate time-series photometry for a 12 meter OST
primary mirror and investigate filter configurations.
In Figure 20 we plot the signal, noise, and SNR for
an occultation of TRAPPIST-1c by TRAPPIST-1b (the
same one shown in Figure 18). For our photometry esti-
mates we assume a tophat filter with 30% throughput in
a 5 µm-wide filter centered at a range of wavelengths be-
tween 5 and 80 µm. Both the signal and noise terms (nu-
merator and denominator in Equation 26, respectively)
are monotonically increasing functions of wavelength,
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Fig. 17.— A simulated triple occultation of TRAPPIST-1c by TRAPPIST1-b seen with JWST/MIRI at 15µm with 5 minute exposures
over 17 hours. The top panel shows the orbital positions of b and c during each of the events, seen from above the orbital plane; the
observer is towards the bottom. The lower panel shows the full light curve (green), the light curve binned to the exposure time (blue),
and the simulated observations with 1σ error bars (black). From left to right, c overtakes b and is occulted; b overtakes c and occults it
again; b and c are successively occulted by the star; c overtakes b a final time and is occulted. While the simultaneous eclipse of b and c is
detectable above the noise (SNR∼11.5) in a single observation, the occultations of c by b are only marginally above the noise. The deepest
one, occurring at t = 0.27 days (λc = 81◦, ∆t = 45 minutes), has SNR∼2.6. Several of these must be modeled jointly in order to permit
detections of PPOs in TRAPPIST-1 with JWST; see Figure 18.
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Fig. 18.— Similar to Figure 17, but showing four stacked observations of an occultation of TRAPPIST-1c by TRAPPIST-1b seen with
JWST/MIRI at 15 µm with 5 minute exposures. The phase curves have been removed. The occultation is detectable above the noise with
SNR∼5.2.
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Fig. 19.— Expected signal-to-noise ratio (SNR; black curve) for
four stacked occultations of TRAPPIST-1c by TRAPPIST-1b ob-
served in each of the nine JWST/MIRI photometric filter bands.
Filter throughput curves are shown in color and are plotted on the
right y-axis.
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Fig. 20.— Expected signal-to-noise (SNR; black curve) for an
occultation of TRAPPIST-1c by TRAPPIST-1b if observed with
the Origins Space Telescope (OST). Dashed blue and red curves are
plotted on the right y-axis and show PPO signal and noise terms
(see Equation 26), respectively, in units of parts-per-million (ppm)
of total photons observed from the system during the occultation.
OST calculations assume 30% throughput in a 5 µm wide filter
centered at each wavelength.
but with second derivatives of opposite sign. Interest-
ingly, the SNR curve reveals that the optimal wavelength
for the detection of this particular PPO event is ∼15 µm,
similar to the conclusion we reached with JWST. How-
ever, because of the absence of background noise and the
larger mirror size, PPOs are detectable at much higher
SNR with OST.
In Figure 21 we plot the same triple occultation as in
Figure 17, but this time observed with OST in a broad
mid-IR filter between 10 and 30 µm with a 30% through-
put. All three occultations of c by b are statistically
significant events and are visible by eye in the data, par-
ticularly the SNR∼14.4 event just prior to the double
secondary eclipse.
4.5. Observability with Spitzer
Finally, we briefly explore the observability of PPOs
in the TRAPPIST-1 system with the Spitzer Space
Telescope. Spitzer has a small (85 cm diameter) pri-
mary mirror and is limited to photometry at 3.6 µm
and 4.5 µm due to the loss of coolant, both of which
are detrimental to PPO detectability. We find that a
statistically significant (SNR ∼ 5) detection of the oc-
cultation of TRAPPIST-1c by TRAPPIST-1b consid-
ered in the previous sections would require the obser-
vation of on the order of 104 PPOs at 4.5 µm. How-
ever, if the brightness temperature of TRAPPIST-1c at
4.5 µm were ∼850 K (∼500 K hotter than the equilib-
rium value at zero albedo), a SNR ∼ 5 detection could be
made with approximately 10 stacked observations. This
could in principle be possible if TRAPPIST-1c had a
thick, greenhouse-heated atmosphere with low opacity at
4.5 µm; the same is true for TRAPPIST-1b. We there-
fore conclude that PPO observations with Spitzer are
generally infeasible, except under vigorous greenhouse
heating and the presence of transparent atmospheric win-
dows coincident with the Spitzer filters.
5. DISCUSSION
Here we discuss qualitatively some aspects of PPO
detection, including planet mapping (§5.1), compari-
son with phase-curve measurements (§5.2), optimistic
prospects for detection (§5.3), and potential pitfalls, in-
cluding degeneracies and systematics (§5.4). We ar-
gue that photodynamical analysis with our code offers
the best potential for detection of multiple PPO events
(§5.5), which can account for mutual events (§5.6), as
well as offset hot spots (§5.7) and tidal heating (§5.8).
We end with a discussion of prior related work (§5.9) and
the potential for application to other systems (§5.10), in-
cluding non-transiting systems or white dwarfs.
5.1. PPO Mapping
Planet-planet occultations offer an opportunity to map
the disk of the occulted planet (Ragozzine & Holman
2010). High SNR, high cadence mid-IR observations of
PPO light curves will, in principle, reveal the brightness
temperature map, including any heterogeneities, along
circular arcs having the radius of the occultor. While
PPO mapping is similar to secondary eclipse mapping
(e.g. Williams et al. 2006; Rauscher et al. 2007; Agol
et al. 2010; Majeau et al. 2012; de Wit et al. 2012), the
events will differ in orbital phase, duration, depth, and
impact parameter. In principle, different events allow
one to probe the surface map of the planet along different
circular arcs, permitting the deconvolution of the signal
into separate latitudinal and longitudinal maps. More-
over, occultations at different phases could allow one to
map the entire surface of the planet—not just the day
side, as with secondary eclipse mapping.
The procedure outlined above may likely not be pos-
sible with JWST, given the low SNR of individual PPO
events using the nominal noise model (§4.3); future gen-
eration telescopes such as OST (§4.4) may be required.
However, there are several diagnostics in PPO events
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Fig. 21.— Similar to Figure 17, but for a single pointing of the Origins Space Telescope, assuming a 13.5m diameter mirror and an
observation in a filter between 10− 30 µm with a throughput of 30%. The exposure time is 5 minutes. All three planet-planet occultations
of TRAPPIST-1c are detectable above the noise. The deepest one has SNR∼14.4.
arising from the spatial distribution of thermal emission
that could be possible with JWST:
1. A larger day/night contrast will cause deeper
events at full phase and shallower events at new
phase.
2. A larger day/night contrast will cause a shift in the
timing of events (see Figure 16).
3. A phase offset of the peak emission due to recircu-
lation may also cause a shift in timing (see §5.7).
4. A latitudinal offset of the peak emission may cause
a depth variation (see §5.7).
In principle, these OLVs (§3.1.1) could be degenerate
with the orbital dynamics of the system. For example,
if the eccentricity is such that the occultations at new
phase have a smaller impact parameter, this will cause
shallower depths. This may be degenerate with a larger
day/night temperature contrast, but the shorter duration
and the timing shift could perhaps break this potential
degeneracy. Moreover, the detection of multiple PPOs
will help constrain the orbital parameters and eventually
allow precise determination of the impact parameter and
timing of individual events, which may also help to break
these degeneracies.
In §4.2.2 we argued how the signature of a strong
day/night temperature contrast corresponds to a ∼80
ppm signal if the timing of the PPO is known a pri-
ori. Incidentally, this is slightly above the noise level
in the simulated stacked observation with JWST shown
in Figure 18, suggesting that ∼4 PPOs of c are needed
to detect the day/night asymmetry with SNR > 1. A
statistically significant detection (SNR&5) would require
on the order of 100 PPOs with JWST, which could in
principle be achievable over the mission’s lifetime. How-
ever, targeted observations of occultations of c at new
phase would likely be a more efficient way of constrain-
ing the day/night asymmetry, as the (non)detection of
PPOs could place strong (upper) limits on its night side
emission. Alternatively, just a few PPOs seen with OST
could lead to a statistically significant detection.
5.2. PPOs versus phase curves
Thermal phase curves are another method used to map
short-period planets by measuring the day/night temper-
ature contrast of an exoplanet from its flux as a function
of that planet’s orbital phase about the star (Knutson
et al. 2007; Selsis et al. 2011; Maurin et al. 2012). How-
ever, these observations will be challenging to acquire
with JWST for several reasons, both practical and fun-
damental. The practical limits are that phase curves
require a significant observing time investment, since the
phase curve must be mapped over a significant fraction of
the orbit. The high demand for JWST will likely make it
difficult to obtain observing time for such long observa-
tions. Additionally, over longer timescales, instrumental
systematic variations can be significant. For example, in
the case of 55 Cancri e, the systematic variations were
several hundred times larger than the claimed phase am-
plitude precision measured with Spitzer (Demory et al.
2016).
The fundamental limits are that multiple phase curves
can produce complex photometric behavior due to the
different amplitudes and frequencies of each planet (Kane
& Gelino 2013), which when added to stellar variability
of a periodic or random nature, may make it difficult to
uniquely recover longitudinal maps of any of the planets.
In contrast, PPO events are much shorter in duration,
and can be scheduled in advance (within the dynamical
uncertainties), using a much smaller fraction of time in
which the star has less chance to vary, and systematic
variations will likely be less severe.
Finally, phase curves of transiting planets are primar-
Planet-Planet Occultations 23
ily sensitive to the longitudinal surface brightness of the
planet (Cowan & Agol 2008; Cowan et al. 2009). While
latitudinal information can be extracted for planets with
significant obliquity (Cowan et al. 2013, 2017), phase
curves tend to act as a low-pass filter, which makes
the recovery of unique surface maps difficult. PPOs, on
the other hand, probe both longitudinal and latitudinal
brightness, similar to secondary eclipse mapping. How-
ever, unlike secondary eclipse mapping, which can only
occur at full phase and probe the day side, PPOs can
occur at multiple phases allowing the disk to be mapped
for different illumination fractions.
5.3. Best case scenarios
In our detectability discussion above, we focused on oc-
cultations of TRAPPIST-1c by TRAPPIST-1b. In prin-
ciple, occultations of b by c should be deeper events,
given that b is exposed to ∼2 times the irradiation of c.
However, day side occultations of b by c are only pos-
sible when c is on the opposite side of the star, closest
to the observer, in which case the relative velocity of the
two planets is at a maximum. These occultations are
thus extremely short-lived and will not be detectable. In
contrast, long occultations of the night side of b by c are
possible, when both planets are on the near side of the
star, and could be detectable if b has a bright night side
due to strong atmospheric recirculation. By the same
token, if b has a cold night side, the nondetection of
these occultations could place strong constraints on its
day/night temperature contrast. Given the higher irra-
diation of b relative to c, fewer occultations may need to
be observed to obtain statistically significant results.
If the TRAPPIST-1 planets are airless bodies, occulta-
tions of c by b like the ones shown in Figure 17 will have
the highest SNR. If, on the other hand, TRAPPIST-1b
and c have thick atmospheres, they may be analogous
to Venus, whose extreme greenhouse forcing results in a
surface that is much hotter than the planet’s equilibrium
temperature. In general, the surface of such a planet
will be radiatively decoupled from the effective emitting
layer, which is at a much lower temperature, and PPOs
may be difficult to observe. This is an issue particularly
for a CO2-dominated atmosphere, which has strong ab-
sorption bands near 15 µm. Nevertheless, if the orbital
parameters are well constrained, non-detections of PPOs
at 15 µm could in principle be used to infer the presence
of CO2 or other strongly absorbing atmospheric species.
Alternatively, observations in atmospheric windows—
such as the 2.4 µm K band window in Venus’ atmosphere
(Arney et al. 2014)—could allow one to probe to a much
deeper (and hotter) layer, significantly enhancing the de-
tectability of PPOs. Moreover, atmospheric dynamics of
planets close to the inner edge of the habitable zone could
result in a thick cloud layer that suppresses outgoing in-
frared radiation on the day side, effectively increasing
night side emission (Yang et al. 2013). This could po-
tentially increase the detectability of PPOs of planets b
and c close to new phase. We leave investigation of these
and other atmospheric effects to future work.
Whatever the atmospheric regime of TRAPPIST-1c,
there are two particular strategies for choosing when to
observe occultations by TRAPPIST-1b. First, the PPO
triplet shown in Figure 17 is perhaps the best observa-
tional scenario, as three occultations of TRAPPIST-1c
plus a secondary eclipse of both TRAPPIST-1c and b
occur over the span of about 15 hours, yielding a large
amount of information for a single pointing of JWST,
with a total SNR∼3.0. Triplets are relatively common,
and happen on both sides of the star; on the near side, it
is TRAPPIST-1b which is occulted, but the orbital ge-
ometry is otherwise identical by symmetry. Once the or-
bital parameters of b and c are better constrained, these
events can be predicted using our photodynamical code.
Second, from Figure 12 it is clear that occultations of
TRAPPIST-1c are most common when the planet is at
a mean longitude λc ≈ 43◦ or 137◦. As we discussed
previously, the peak in the histogram has FWHM ∼ 2◦,
corresponding to a time window of just under 20 minutes.
Thus, even if the eccentricities and longitudes of ascend-
ing node of TRAPPIST-1b and c are not well known, the
likelihood of observing an occultation of c is maximum
for an observation centered at this mean longitude last-
ing 20 (or more) minutes. In order for the occultation
to occur, TRAPPIST-1b must be near quadrature, which
can easily be predicted in advance. Alternatively, and by
symmetry, when TRAPPIST-1c is at a mean longitude
λc ≈ 43◦ or 137◦ and b is near quadrature, occultations
of b are most common (note the peaks near 0◦ and 180◦
in Figure 11).
Finally, we note that occultations of the other planets
will be difficult to observe with JWST, but may be de-
tectable with OST. Nevertheless, occultations of b and c
by the outer planets are potentially observable and can
be long-lived, especially occultations of c by d. These can
be used to constrain the orbital properties of the other
planets in the system.
5.4. Degeneracies and other issues
There exist several degeneracies in PPO light curves
that merit special attention, particularly for low SNR
observations. We already discussed how a timing offset
due to a day/night temperature contrast could be degen-
erate with the orbital parameters (§5.1). The planetary
albedo is also degenerate with the impact parameter of
the occultation, since both can change the depth of the
event; in principle, at high SNR the duration can be used
to resolve this.
If the orbital parameters are very poorly constrained,
it may not be possible to tell with certainty which pairs
of planets are occulting. This could be an issue if si-
multaneous or near-simultaneous occultations occurred
between two different sets of planets. This is likely not
going to be the case for TRAPPIST-1, since only occul-
tations of b and c are at present potentially detectable
and the orbital parameters are fairly well constrained. In
principle, however, this could lead to interesting degen-
eracies between the orbital and surface properties across
multiple planets in the system.
It is important to remember, however, that transits
occur about 6% of the time in TRAPPIST-1 (as do sec-
ondary eclipses). Moreover, the star flares at a rate of
about 0.26 day−1 (Luger et al. 2017). It is therefore quite
likely that some PPOs will occur during one of these
events, which will negatively impact their detectability.
Another degeneracy that may arise concerns the po-
tential heterogeneity of the surface. Spatial albedo vari-
ations due to clouds or geography could lead to asym-
metries in the occultation light curve that could in prin-
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ciple be mistaken for a day/night temperature contrast.
Moreover, temporal variability due to weather could also
negatively impact the joint modeling procedure necessary
to robustly detect PPOs with JWST. We defer a proper
treatment of heterogenous surfaces to a future paper.
Finally, we note that in our detectability calculations
we have neglected stellar variability, even though bright-
ness modulations due to spots are clearly visible in the
K2 light curve of the system (Luger et al. 2017). How-
ever, while this may complicate phase curve observa-
tions, it is unlikely to significantly impact the detection
of PPOs, given the rotation period of the star (3.3 days;
Luger et al. 2017) is two orders of magnitude greater
than the typical duration of a PPO. Moreover, spot con-
trasts and granulation noise are both much weaker in the
mid-IR. The same is true for flares, whose emission peaks
at shorter wavelengths. Nevertheless, unmodelled stellar
variability could in principle decrease the SNR of PPO
events and increase the number of observations needed
to achieve a detection.
5.5. Joint modeling
Since it will be challenging to robustly detect indi-
vidual PPOs with JWST, joint modeling of multiple
events must be performed to obtain constraints on the
orbital and atmospheric properties of the planets. As
planetplanet is a full photodynamical model, it may
be used in a Markov Chain Monte Carlo (MCMC) sim-
ulation to derive posterior probabilities of the quantities
of interest. We described in §4.3 why this approach is
preferable to “stacking”: while multiple occultations of
a given planet result in different light curves, all of these
light curves are functions of the same set of model pa-
rameters Θ. Instead of stacking to infer the occultation
depth (which will always be different), joint modeling can
be performed to marginalize over all model parameters
and constrain, for instance, the day/night temperature
contrast (which is the same across all occultations, if the
planet has weak temporal variability). Given a dataset
of measured fluxes D, the probability of a given value of
the day/night temperature contrast ∆T is
p(∆T |D) =
∫
p(∆T,Θ|D)dΘ (29)
where Θ is the set of all other parameters in the
model (eccentricities, albedos, etc.), over which we have
marginalized.
MCMC provides an efficient and robust way of com-
puting the expression above. More generally, it yields
the posterior probability distributions of all parameters
conditioned on the data and all prior information about
the system, such as the current constraints on the orbital
parameters (Table 2). We provide sample code for per-
forming full photodynamical modeling of TRAPPIST-1
with MCMC on the project github page. For more de-
tails on MCMC and its implementation, the reader is
referred to Mackay (2003) and Foreman-Mackey et al.
(2013).
5.6. Mutual transits
The extreme coplanarity of the TRAPPIST-1 system
suggests that mutual transits should also occur in the
system. These are planet-planet occultations occurring
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Fig. 22.— Posterior distributions of the duration (in minutes)
and fractional depth (in percent) of mutual transits involving
TRAPPIST-1b. The panel at the bottom left is the joint distribu-
tion, where darker colors indicate higher probability density. The
other two panels are the marginal distributions. The black lines
are histograms of all mutual transits involving planet b; the colored
distributions are stacked histograms of mutual transits involving b
and each of the other planets.
on the face of the star, which have been studied for Ke-
pler systems (e.g., Hirano et al. 2012; Masuda et al. 2013;
Masuda 2014) and for moon-planet occultations (e.g.,
Kipping 2011; Pa´l 2012). The advantage of mutual tran-
sits over PPOs is that since the star is being occulted,
the signal of the mutual event is much stronger, often a
significant fraction of the transit depth. Typical mutual
transits result in a brightening close to transit center,
due to the fact that the total area occulted on the star
is less than the sum of the areas of the two planets (see,
for example, Figure 3 in Pa´l 2012). However, for a copla-
nar system like TRAPPIST-1, mutual transits are much
more infrequent than planet-planet occultations. This
is because the region of overlap of the orbital paths of
any two planets on the face of the star is much smaller
than the total region of overlap (see Figure 1). Never-
theless, when marginalizing over the uncertainties on all
orbital parameters, we find that mutual transits between
all seven planets should occur at an average rate of 27
times per year, or once every ∼14 days. Mutual transits
involving planets b, c, d, and e are the most common,
occuring at average rates of 16, 13, 10, and 12 times per
year, respectively.
In Figure 22 we show the posterior distributions of
the duration and depth of mutual transits involving
TRAPPIST-1b for 30,000 1-year integrations of the sys-
tem (as before, plots for the other planets can be eas-
ily generated with the code on github). The duration
is measured as the total time b is occulted by another
planet while in transit across the star, and the depth is
the maximum fractional brightening of the transit light
curve during the event measured as a percentage of the
stellar flux. Marginal distributions of the duration and
depth of mutual transits by each of the other six planets
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Fig. 23.— An example of a triple mutual transit across a star
with an arbitrary limb darkening profile in a hypothetical system.
The integration scheme in planetplanet is completely general and
allows one to easily calculate occultation light curves for arbitrary
numbers of overlapping bodies. In this example, we use a simple
linear limb darkening law with a limb-to-center contrast that de-
creases linearly with wavelength, resulting in changes to the transit
depth and shape at different wavelengths.
are shown as the colored stacked histograms; their sum is
the distribution for all mutual transits involving planet
b, shown in black. The panel at the bottom left is the
joint distribution. As with PPOs, many mutual tran-
sits are grazing, short-lived events; however, the major-
ity of these events last upwards of 10 minutes and cause
a brightening of the transit light curve at the & 0.1%
level, which should be easily detectable with JWST. The
deepest events, which are mutual transits primarily by
c (though also by d and e), have depths & 0.5% and
should be readily detectable by Spitzer. A search for
these events in current and future Spitzer data may help
place strong constraints on the impact parameters (and
hence the inclinations) of the TRAPPIST-1 planets and
thus aid in the search for PPOs in the coming years.
We note, finally, that our generalized integration
scheme (Appendix C) allows one to easily compute mu-
tual transit and occultation light curves for an arbi-
trary number of overlapping bodies. Figure 23 shows
a hypothetical double mutual transit computed with
planetplanet, in which three planets occult each other
as they transit their star. The brightening due to the
mutual transits is evident near transit center.
5.7. Hotspot offsets
Secondary eclipse measurements are capable of mea-
suring latitudinal and longitudinal offsets in the posi-
tion of peak emission of a planet due to atmospheric
recirculation (Majeau et al. 2012; de Wit et al. 2012);
planet-planet occultations are no different. The sym-
metry of the emission about the hotspot suggests we
can use the same integration scheme discussed in §3.2.3
to model light curves for planets with shifted hotspots.
planetplanet allows users to specify the latitudinal (Φ)
and longitudinal (Λ) shifts when computing light curves.
In Appendix B, we derive the geometry of the general
case of an “eyeball” planet with an arbitrary hotspot
offset, and discuss how we adapt the planetplanet inte-
gration scheme to handle these bodies in the same semi-
analytic fashion. Note that, in general, the temperature
distribution of an “eyeball” planet with an offset hotspot
will not follow Equation (18), since that expression as-
sumes the surface is in pure radiative equilibrium with
the stellar flux. To this end, planetplanet allows users
to input custom functions for T (φ).
5.8. Tidal heating
Our signal-to-noise considerations make the assump-
tion that the planet temperatures are governed by the
absorbed flux on each planet which is re-radiated in the
thermal infrared. Another possibility is that planets may
be tidally heated to the point that their thermal emission
may be dominated by tidal heat flux (Selsis et al. 2013;
Bolmont et al. 2013). However, on a short timescale
this dissipation can cause the rotation of a planet to be
synchronized (Jackson et al. 2008a) and the eccentric-
ity to be damped, causing tidal forces to be diminished
unless additional forcing maintains the planet in an asyn-
chronous or eccentric state (Jackson et al. 2008b; Leconte
et al. 2015; Arras & Socrates 2010). If the eccentricity is
maintained, tidal heating of short-period, eccentric exo-
planets can compete with heating by the host star, even
for modest eccentricities (Driscoll & Barnes 2015).
Using Equation (2) from Driscoll & Barnes (2015), the
ratio of the tidal heating flux to the equilibrium flux is
given by (
Ttid
Teq
)4
= 1344pi3
|Im(k2)|
1−A
M?
L?
e2r3P
aP 3
, (30)
where A is the albedo, Ttid is the effective temperature
resulting from tidal flux, Teq is the effective temperature
resulting from absorbed flux, Im(k2) is the imaginary
component of the tidal Love number 10, M? and L? are
the mass and luminosity of the star, and a, e, P , and rP
are the semi-major axis, eccentricity, orbital period, and
radius of the planet, respectively. For TRAPPIST-1b,
we find that(
Ttid
Teq
)4
= 2.9× 106|Im(k2)| e
2
1−A. (31)
For |Im(k2)| = 3 × 10−3 and A  1, these fluxes are
equal for e ≈ 0.011. However, this is about a factor
of ∼10 larger than the eccentricity predicted by tidal
evolution of the system (Luger et al. 2017). Nevertheless,
if the eccentricity were this large, the tidal flux should
give a higher signal-to-noise on PPO measurements. If
strong enough, this could perhaps enable a constraint on
|Im(k2)| if A and e are known.
5.9. Comparison to other work
Previous studies have developed similar integration
schemes to the one employed in planetplanet for com-
puting various types of light curves. The LUNA code (Kip-
10 This approximately relates to the tidal quality factor via the
expression Q ≈ −Re(k2)/Im(k2) (Driscoll & Barnes 2015).
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ping 2011) is a photodynamical algorithm for comput-
ing mutual transits of planet–moon systems across limb-
darkened stars. LUNA computes mutual light curves by
considering 34 different cases for the relative positions of
the three disks (the star, the planet, and the moon) and
deriving analytic expressions for the occulted stellar flux
for each one. While extremely fast, LUNA accounts only
for occultations of the stellar flux, and not for occulta-
tion of the flux from the planet and/or moon, and can
therefore not be easily extended to the general case of
planet-planet occultations.
LUNA is also limited to the three-body case and to the
limb darkening laws that can be modeled analytically
with the Mandel & Agol (2002) algorithm. Seeking to
relax these assumptions and generalize the computation
of mutual transits, Pa´l (2012) developed an algorithm
to analytically compute light curves for arbitrary num-
bers of overlapping bodies transiting stars with various
limb darkening profiles. This algorithm relies on a clever
implementation of Green’s theorem, which allows one to
analytically evaluate the surface integral of the stellar
flux occulted by an arbitrary shape via computation of
the line integral along the occultor boundary. In prin-
ciple, the method is general enough that it can be ex-
tended to non-radially symmetric surface maps, as is the
case for airless bodies or even bodies with arbitrary het-
erogeneous surface features. However, the algorithm re-
quires finding (and integrating) a function whose exterior
derivative is the surface brightness map, which can be-
come arbitrarily complex for all but the simplest cases.
Application of this algorithm to the airless body case
would require finding the exterior derivative of Equa-
tion (19), with the temperature profile given by Equa-
tion (18) and the zenith angle given by Equations (B2)–
(B4), which is intractable.
As we mentioned earlier, the batman code (Kreidberg
2015) discretizes the radial brightness gradient of the star
to compute fast transit light curves. planetplanet ex-
tends the batman algorithm to brightness gradients that
are symmetric about any point on the surface of the
body, not just the center of the disk. Because in the
general case the curves of constant radiance are ellipses,
planetplanet light curves are slower to evaluate (as they
require solving a quartic equation to determine the points
of intersection with the occultor; see Appendix A.2). We
therefore adopt the batman algorithm when modeling
single-planet transits and occultations of planets whose
emission is radially symmetric, making planetplanet
fast for wavelength-dependent transit calculations.
5.10. Kepler-444 and other Systems
While we focused our discussion on TRAPPIST-1,
planet-planet occultations likely occur in other compact,
multi-planet systems and may be detectable in those.
TRAPPIST-1 is the closest known edge-on, compact
multi-planet system, which enhances its detectability,
but because of the small sizes of its planets and their
modest irradiation, there could exist other systems for
which PPO detection is more favorable.
At 36 pc (three times more distant that TRAPPIST-
1), Kepler-444 is a K dwarf hosting five edge-on, ex-
tremely coplanar sub-Earths with periods less than 10
days (Campante et al. 2015; Mills & Fabrycky 2017).
The Kepler-444 planets receive 50–100 times higher irra-
diation than the TRAPPIST-1 planets and, with higher
equilibrium temperatures and stronger thermal emission,
could in principle produce detectable PPOs. However,
despite the fact that the Kepler-444 planets emit more
flux than the TRAPPIST-1 planets, the larger luminos-
ity of the star and greater distance to the system strongly
decrease the occultation signal and increase the noise on
PPO observations. We find that the 7.7 µm JWST/MIRI
filter (F770W) would be the optimal filter for secondary
eclipse and PPO observations of Kepler-444b, but on
the order of 100 events would be required to build up a
SNR∼3, which makes their detection infeasible. On the
other hand, only ∼15 secondary eclipses/occultations of
Kepler-444b would be required for a SNR∼3 detection
using our nominal OST setup from §4.4 with the same
F770W filter.
Alternatively, surveys such as TESS and PLATO
may soon discover nearby systems of multiply-transiting
super-Earths and mini-Neptunes, which could have
stronger PPO signals than TRAPPIST-1. In partic-
ular, PPO searches should focus on late-M or brown
dwarf multi-planet systems with large, short-period plan-
ets that are equally distant or closer than TRAPPIST-1.
5.11. Other applications
In principle, PPOs could be used to search for non-
transiting planets. This was pointed out by Ragozzine &
Holman (2010), with the caveat that the rare and aperi-
odic nature of these events would make detections based
on PPOs alone extremely challenging. In practice, it may
be easier to use PPOs to find additional non-transiting
planets in multi-planet systems. Alternatively, there may
exist systems of extremely coplanar planets that are in-
clined just enough so that they do not transit. Around
main sequence stars, even small system inclinations will
in general greatly reduce the frequency of PPOs, since
the minimum projected separation of coplanar planets
increases steeply with inclination. Compact planetary
systems orbiting white dwarfs or other compact objects,
on the other hand, can still be extremely close to edge-
on and not transit. If planetary systems orbiting these
stars are common, PPOs may be a way to detect and
characterize them.
This last point merits further discussion. Not only
may PPOs be ideally suited to detecting planets around
white dwarfs, but they should also be easier to detect
for these systems than for main-sequence stars (should
they exist). In the Rayleigh-Jeans limit, the depth of a
PPO scales as Tpr
2
P/(L
1/4
? R
3/2
? ), where Tp and rP are the
temperature and radius of the planet and L? and R? are
the luminosity and radius of the star, respectively. For
fixed planet properties and stellar luminosity, a planet
orbiting a smaller star undergoes deeper occultations. In
fact, if TRAPPIST-1 were a white dwarf with the same
luminosity, the depth of PPO events in the system would
be ∼30 times larger because of the relative faintness of
the star in the infrared.
Finally, we only explored PPO detectability from
space-based telescopes. It may be possible in the future
to consider the observation of PPOs with ground-based
telescopes. This is challenging due to the small PPO
depth, limited visibility from any given site, high sky-
brightness in the mid-infrared, and limited sky trans-
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mittance. However, future extremely large telescopes
(ELTs) will have a smaller PSF, decreasing the contribu-
tion from sky brightness to the noise, and a large collect-
ing area, leading to smaller photon noise. In practice,
though, variable sky brightness and variable seeing will
likely limit the precision of ground-based ELTs, just as
it limits the precision of transit and secondary eclipse
measurements. The transmittance in the 20 µm Q band
requires high and/or dry sites for observation, as well as
limited cloud emissivity, all leading to a small probability
of success. Nevertheless, the possibility of ground-based
observations of PPOs may be worth examining in the
future.
6. CONCLUSIONS AND FUTURE DIRECTIONS
We have developed a formalism to predict, model, and
extract orbital and atmospheric information from planet-
planet occultations (PPOs) in extrasolar multi-planet
systems. These events occur when a planet occults an-
other planet in the same system, blocking thermal or
reflected light from the occulted body and producing a
photometric signal analagous to (and of similar depth
to) a secondary eclipse. While PPOs are in general rare
events, for extremely coplanar, edge-on, and compact
systems such as TRAPPIST-1 they are frequent and oc-
cur preferentially at certain orbital phases, which may in
some cases permit advanced scheduling of observations.
PPOs are a powerful tool to assess the day/night
temperature contrast of exoplanets. Unlike secondary
eclipse, which always probes a planet’s day side emis-
sion, PPOs can occur at any phase and thus can yield
information about the entire surface of the planet, en-
abling crude two-dimensional surface maps that are po-
tentially not degenerate in latitude. Moreover, PPOs
yield strong constraints on the three-dimensional archi-
tecture of exoplanetary systems. Observations of multi-
ple events can yield the full eccentricity vectors of pairs of
planets, breaking both the eccentricity-eccentricity and
eccentricity-mass degeneracy inherent in transit timing
variation (TTV) analyses. Because they occur off the
face of the star, PPOs also constrain the mutual inclina-
tions of pairs of planets precisely.
At this time, the mutual inclinations of the
TRAPPIST-1 planets are unconstrained. We developed
a Monte Carlo framework to assess their values given
current data on the system, finding that the scatter in
their mutual inclinations is less than 0.3◦ with 90% confi-
dence, suggesting the TRAPPIST-1 system is extremely
coplanar. We marginalize over the uncertainty on the
mutual inclinations and all other orbital parameters to
determine the frequency of PPOs in TRAPPIST-1. We
find that occultations among the TRAPPIST-1 planets
occur, on average, about 1.4 times per (Earth) day.
In order to model PPO light curves, we developed the
open-source photodynamical code planetplanet, which
uses an N -body solver to calculate the sky-projected sep-
arations of all pairs of planets and computes wavelength-
dependent light curves for occultation events. We model
planet thermal emission in two limits: the thick atmo-
sphere limit, in which the planet is assumed to have sym-
metric emission about the center of its disk, and the thin
atmosphere (“eyeball”) limit, in which its thermal emis-
sion is proportional to the stellar irradiation profile. We
developed a novel integration scheme that takes advan-
tage of the elliptical symmetry of the problem to compute
fast PPO light curves and use it to also model transits,
secondary eclipses, phase curves, and mutual transits.
We modeled the detectability of PPOs with future
space-based telescopes. We find that observations with
JWST/MIRI at 12.8 and/or 15 µm are best suited to
study PPOs in TRAPPIST-1. Although most events will
be below the level of the noise, our simulations show that
on the order of 20 occultations of b should have SNR > 1
in a given year if it is a uniform emitter. Occultations
of c are most detectable if it has a strong day/night
temperature contrast, in which case on the order of 10
SNR > 1 occultations are expected per year. Joint mod-
eling of these occultations could lead to a SNR∼7 − 8
detection in one year. Individually detectable (SNR&4)
occultations are rare but may occur once every few years
for TRAPPIST-1b and c thanks to retrograde motion.
These “doublet” PPOs occur when the relative velocity
of TRAPPIST-1b and c changes sign during an occulta-
tion, extending the duration of the event to a few hours.
For a future far-infrared surveyor such as the Origins
Space Telescope (OST), we find that single PPOs are
detectable in TRAPPIST-1 at &10σ. Future observa-
tions of these events may therefore paint the most com-
plete picture yet of the three-dimensional architecture
and densities of an exoplanet system and of the surfaces
of its planets.
PPOs likely occur in other compact multi-planet sys-
tems, such as Kepler-444; TESS and PLATO may reveal
other nearby systems that can be explored with JWST
using this technique. Finally, we suggest that PPOs
may be a way to detect near-edge-on systems of planets
around white dwarfs and other compact objects, given
the low geometric probability of transit in these systems.
All code used to generate the figures in this pa-
per is open source and available at https://github.
com/rodluger/planetplanet. The photodynamical
code planetplanet is also installable with the pip
package manager. In addition to PPO light curves,
planetplanet can be used to model transits, secondary
eclipses, phase curves, mutual transits, exomoons, and
more. Complete documentation is available at the url
listed above.
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APPENDIX
A. CIRCLES AND ELLIPSES
In this section we derive the basic equations used to compute the integrals and the integration limits relevant to
planet-planet occultation light curves. Sections A.1 and A.2 discuss how to compute the points of intersection between
circles and ellipses, and section A.3 presents an analytic expression for the integral of a segment of an ellipse. These
expressions are used in our integration scheme, presented in Appendix C below.
A.1. Circle-circle intersection
The x coordinates of the points of intersection of two circles of radii r1 and r2, the first centered at the origin and
the second at the point (x0, y0), are
x = a± b (A1)
where
a =
x0
2d2
(
d2 − r21 + r22
)
,
b =
y0
2d2
√
4r21r
2
2 − (r21 + r22 − d2)2 (A2)
and
d =
√
x20 + y
2
0 (A3)
is the distance between their centers.
A.2. Circle-ellipse intersection
The points of intersection of a circle centered at the origin with radius r and an ellipse centered at (x0, y0) with
semi-major axis a parallel to the y axis and semi-minor axis b parallel to the x axis are given by the roots of the
following equation:
y0 ± a
b
√
b2 − (x− x0)2 ±
√
r2 − x2 = 0. (A4)
This is equivalent to finding the roots of the following quartic polynomial:
c4x
4 + c3x
3 + c2x
2 + c1x+ c0 = 0 (A5)
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where
c0 = C
2 −D(b2 − x20)
c1 = 2BC − 2Dx0
c2 = 2AC +B
2 +D
c3 = 2AB
c4 = A
2 (A6)
and
A =
a2
b2
− 1
B = −2x0 a
2
b2
C = r2 − y20 − a2 + x20
a2
b2
D = 4y20
a2
b2
. (A7)
In general, this polynomial has four roots, 0, 2 or 4 of which are real and correspond to the actual points of inter-
section. These roots may be found analytically (e.g., Hughes & Chraibi 2011), but in practice the large number of
arithmetic operations can result in significant errors due to limited machine precision. It is therefore preferable to solve
Equation (A5) with a numerical root-finding algorithm. We use the GNU Scientific Library gsl poly complex solve
routine, which performs QR decomposition of the companion matrix to numerically find roots of polynomials (Galassi
et al. 2016).
A.3. Integral of an ellipse
The function describing an ellipse centered at (x0, y0) and with semi-major axis a aligned with the y axis and
semi-minor axis b aligned with the x axis is
y(x) = y0 ± a
b
√
b2 − (x− x0)2. (A8)
The indefinite integral of Equation (A8) is∫
y(x)dx = y0x± a
2b
[
z(x− x0) + b2 arctan
(
x− x0
z
)]
+ C (A9)
where
z =
√
(b+ x− x0)(b− x+ x0)
and C is an arbitrary constant.
B. GEOMETRY OF EYEBALL PLANETS
In this section we derive geometrical relations relevant to the computation of occultation light curves of “eyeball”
planets. In section B.1 we derive an expression for the zenith angle φ at an arbitrary point (x, y, z) on the surface
of a sphere, which is necessary to compute the surface brightness in each of the integration regions (see Appendix C
below). In sections B.2 and B.3 we derive expressions that are useful for computing light curves of “eyeball” planets
whose axis of symmetry is not the x axis, such as planets in inclined orbits or planets with offset hotspots.
B.1. Zenith angle of a point on a sphere
Given a planet of radius rP in an edge-on orbit at phase angle θ and centered at the origin, the zenith angle φ of
a point (x, y) on the disk of the planet may be computed as follows. If θ = ±pi2 , curves of constant zenith angle are
circles, and the zenith angle is simply
φ =

arcsin
(√
x2+y2
rP
)
θ = +pi2
pi − arcsin
(√
x2+y2
rP
)
θ = −pi2 .
(B1)
At intermediate angles, the curves of constant zenith angle are ellipses. Given the equations in §3.2.2, one may solve for
the zenith angle of the ellipse that threads the point (x, y). This yields a quadratic equation in the quantity z = sin2 φ,
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Fig. 24.— Orbital geometry (top) and phase curve (bottom) of an “eyeball” planet in an eccentric, inclined orbit computed with
planetplanet using the relations derived in Appendix B.2. The eccentricity vector is (e sinω, e cosω) = (0, 0.5), with pericenter to the right
of the plot. The orbital plane is parallel to the x axis (Ω = 0◦) and inclined into the sky plane with I = 60◦. Orbital phases are labeled;
these are defined such that transit would occur at a phase of 0.5. The lower panel shows the phase curve of the planet in arbitrary units.
which may be solved to yield
φ =
{
arcsin
√
z
(|θ| ≤ pi2 and x ≤ xterm) or (|θ| > pi2 and x ≥ −xterm)
pi − arcsin√z otherwise (B2)
where
z =
1
2
[
1 +
y2
r2P
+
(
1− 2x
2
r2P
− y
2
r2P
)
cos(2θ) +
2x
rP
√
1− x
2
r2P
− y
2
r2P
sin (2θ)
]
(B3)
and
xterm = rP sin θ
√
1− y
2
r2P
(B4)
is the x coordinate of the day/night terminator.
B.2. Planet in an inclined orbit
An airless planet in an orbit with arbitrary inclination will still appear as an “eyeball” (§3.2.2) in projection, but at
a different phase angle than that given in Equation (21). The planet disk will also appear rotated on the sky plane
through some angle γ. If the planet is a unit sphere at the point (x, y, z) in a left-handed Cartesian coordinate system
with the star at the origin and the x axis pointing to the right on the sky, the y axis pointing up, and the z axis
pointing into the sky, it is straightforward to show that the position of the sub-stellar point relative to the planet
center is
x? = −x
r
y? = −y
r
z? = −z
r
, (B5)
where
r =
√
x2 + y2 + z2 (B6)
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Fig. 25.— Similar to Figure 24, but for a planet with an offset hotspot, calculated using the relations in Appendix B.3. The orbital
parameters are identical to those in the previous figure, but the hotspot has a latitudinal offset Φ = 30◦ (northward) and a longitudinal
offset Λ = 60◦ (eastward). The phase curve is shown as the black line in the lower panel; for reference, the phase curve for the default (no
offset) case is shown in grey.
is the magnitude of the orbital radius vector. The angle by which the hotspot is rotated away from the horizontal on
the sky, measured counter-clockwise from the −x axis, is then
γ = pi + arctan2 (y?, x?) . (B7)
The projected distance from the center of the planet disk to the hotspot is simply
d =
√
x2? + y
2
?. (B8)
Setting φ = 0 in Equation (22), the effective phase angle for this planet is then
θ =
{
arccos(d) z? ≤ 0
− arccos(d) z? > 0. (B9)
Note that in the edge-on limit (y = 0), this reduces to Equation (21).
Phase curves for inclined planets can thus be computed with the standard integration scheme and the phase angle
given by Equation (B9). In order to compute occultation light curves, one must perform the integrations in the rotated
frame, having first rotated the occultor(s) through an angle −γ about the center of the planet. Given an occultor at
the point (xO, yO, zO) in our sky coordinates, the coordinates in the rotated frame are
x′O = xO cos γ + yO sin γ
y′O = yO cos γ − xO sin γ. (B10)
Our software package planetplanet performs these rotations automatically; we show an example in Figure 24.
B.3. Planet with a hotspot offset
Strong winds and thermal inertia can induce an angular offset between the sub-stellar point and the location of the
peak emission of the planet (the “hotspot”). Provided the emission is radially symmetric about the hotspot, the planet
will still appear as an “eyeball” (§3.2.2), albeit at a different effective phase angle and rotated on the sky plane, as
we discussed above. In this section we derive the effective phase and rotation angles, θ and γ, for the case of a planet
with a hotspot offset from the sub-stellar point by an angle Λ in longitude and an angle Φ in latitude. We apply our
rotation transformations sequentially, first in longitude and then in latitude.
We measure the longitude counter-clockwise (i.e., eastward) from the sub-stellar point along the instantaneous orbital
plane of the planet, whose normal unit vector is
kΛ =
r× v
||r× v|| , (B11)
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where r ≡ (x, y, z) is the orbital position vector and v ≡ (vx, vy, vz) is the orbital velocity vector of the planet in our
left-handed Cartesian coordinate system. If r? ≡ (x?, y?, z?) is the position of the sub-stellar point in the frame of
the planet (Equation B5), the position rΛ of a hotspot with a longitudinal offset Λ can be found via application of
Rodrigues’ rotation formula:
rΛ = r? cos Λ + (kΛ × r?) sin Λ + kΛ(kΛ · r?)(1− cos Λ). (B12)
We may now apply the latitudinal transformation as a rotation of rΛ in the plane perpendicular to the orbital plane,
defined by the normal unit vector
kΦ =
kΛ × rΛ
||kΛ × rΛ|| . (B13)
Again by Rodrigues’ rotation formula, the position of the hotspot after the latitudinal transformation is
rΛ,Φ = rΛ cos Φ + (kΦ × rΛ) sin Φ + kΦ(kΦ · rΛ)(1− cos Φ). (B14)
We may now use the components of rΛ,Φ to compute γ and θ as before:
γ = pi + arctan2 (yΛ,Φ, xΛ,Φ) (B15)
and
θ =
{
arccos(d) zΛ,Φ ≤ 0
− arccos(d) zΛ,Φ > 0, (B16)
where
d =
√
x2Λ,Φ + y
2
Λ,Φ. (B17)
As before, we use Equation (B10) to transform to a frame in which the occulted body is symmetric about the x axis
so that the integration can be performed. Once again, planetplanet automatically handles all the transformations
described above. An example of a planet with a hotspot offset is shown in Figure 25.
C. INTEGRATION SCHEME
In this section we describe our integration scheme to compute transit, secondary eclipse, and planet-planet occultation
light curves, as well as phase curves for limb-darkened (§3.2.1) and “eyeball” (§3.2.2) planets. Our method is completely
general and works for an arbitrary number of occulting bodies. For simplicity, below we describe the single-occultor
case, but extending the method to multiple occultors is trivial. The reader is referred to Figure 5 for an illustration of
the method.
Let us label the occulted body by P and the occultor by O. We place P at the origin and O at the point (xO, yO).
P has radius rP ; O has radius rO. We discretize the radiance gradient of P (Equation 16 or 19) with N + 1 spherical
segments of constant radiance bounded by N ellipses; these are fully described by Equations (14) and (20)–(23). We
orient our coordinate system so that the sub-stellar point is on the x axis; for planets in inclined orbits and planets
with latitudinal hotspot offsets, we use the expressions derived in Appendix B to transform to the correct frame.
We wish to compute the total flux of P occulted by O. To this end, we
1. Identify all functions f = {f0, f1, ..., fnf } in the problem. These are the functions describing P, O, and each of
the ellipses in P, which are given by Equation (A8). For P, x0 = y0 = 0 and a = b = rP . For O, x0 = xO,
y0 = yO, and a = b = rO. For the ellipses, the values of a, b, x0 and y0 are given in §3.2.2. In the case that the
ellipses are circles (for a limb-darkened body or for an airless body at full or new phase), a = b = r sinφ and
x0 = 0.
2. Compute the antiderivatives of each of the functions in f to form the set F = {∫ f0(x)dx, ∫ f1(x)dx, ...,∫
fnf (x)dx}. These are given by Equation (A9).
3. Identify the points of intersection between all curves. These are the intersections of P and O (Equation A1) and
the intersections of O and each of the ellipses (solutions to Equation A5). Reject points that lie beyond the limb
of P (Equation 23).
4. Identify the extrema of all functions that lie within or on the edge of both P and O. The extrema of the ellipses
are given by either x = x0 ± b or x = x0 ± xlimb, depending on whether or not the entire ellipse is visible. The
extrema of P and O are simply x = ±rP and x = xO ± rO, respectively.
5. Sort the points identified in steps 3 and 4 in increasing order of their x coordinate to obtain the set of integration
limits x = {x0, x1, ..., xnx}.
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6. For each adjacent pair of limits {xn, xn+1} in x, identify the the members of f that are defined over the interval
(xn, xn+1). Evaluate each function at the midpoint, xn+ 12 = (xn +xn+1)/2, and discard those that lie outside of
either P or O. Sort the remaining functions in increasing order of their value at xn+ 12 to obtain the set fn and
the set of corresponding antiderivatives Fn.
7. Each adjacent pair of functions {Fni , Fni+1} in Fn bounds an area Aj of constant radiance on P that is occulted
by O. For each such pair, compute the area by evaluating
Aj = Ii+1 − Ii, (C1)
where
Ii+1 = F
n
i+1(xn+1)− Fni+1(xn) (C2)
and
Ii = F
n
i (xn+1)− Fni (xn) (C3)
are the integrals of the upper and lower functions bounding the region, respectively.
8. Compute the zenith angle of this region from the equations in Appendix B.1; the radiance Bλ,j of this region is
that of the discretized radiance grid at this zenith angle.
9. The occulted flux per unit wavelength from the jth region is then simply
∆Fλ,j = AjBλ,j
d2
. (C4)
where d is the distance to the system.
The total occulted flux per unit wavelength ∆Fλ is the sum of all ∆Fλ,j computed by iterating over all pairs of
adjacent limits (step 6) and all pairs of adjacent boundary functions (step 7). Note that ∆Fλ is technically a spectral
flux density (units of power per unit area per unit wavelength), which may be integrated over a given wavelength range
to give a flux.
Once ∆Fλ is known, the flux from the body received at Earth is
Fλ = F0λ −∆Fλ, (C5)
where F0λ is the flux received at Earth if no occultation were occuring. This may be computed by following the steps
above with a fictitious occultor O covering the entire disk of the planet. In the limb-darkened planet limit, this term
is constant and need only be computed once; for “eyeball” planets, F0λ(t) is the planet phase curve, and must be
computed at every step. However, in the limit that the orbital parameters are constant in time, the phase curve need
only be computed over a single orbit of the planet, which greatly reduces computation time.
C.1. Issues and Edge Cases
The integration scheme outlined above is stable for all cases we have tested, including simultaneous occultations
of multiple bodies, which result in disjoint regions. However, numerical instability in the root-finding algorithm
(Appendix A.2) can lead to light curve artifacts; this is particularly an issue for “eyeball” planets very close to
quadrature (θ ≈ 0), where the elliptical curves of constant radiance approach vertical lines. In planetplanet, we
circumvent this issue by forcing |θ| ≥ , where  is a small, tunable number. A second issue concerns “eyeball” planets
with dark night sides that are close to new phase, in which case the flux is dominated by the crescent day side sliver.
As θ → −pi2 , a single elliptical region will eventually contribute all of the flux, such that small errors in the root-finding
algorithm will translate to large fractional errors in the flux. We mitigate this effect by increasing the resolution of
the zenith angle grid for planets near new phase.
D. WAVELENGTH-DEPENDENT LIMB DARKENING
Given the wavelength-dependent limb darkening law (Equation 16), we may find the normalization constant B0λ by
requiring that the blackbody intensity integrated over the planetary (or stellar) disk be equal to that of a blackbody
at the effective temperature of the body, Teff :∫ 2pi
0
∫ rP
0
Bλ (φ(r)) rdr = pir
2
PBλ,Teff , (D1)
where rP is the radius of the planet and Bλ,Teff is the blackbody intensity at a wavelength λ and an effective temperature
Teff (Equation 19 with T = Teff). Defining
µ ≡ cosφ =
√
1−
(
r
rP
)2
, (D2)
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we may write Equation (D1) as
2pi
∫ 1
0
Bλ(µ)µdµ = piBλ,Teff . (D3)
Plugging in Equation (16) and solving for B0λ, we have
B0λ =
Bλ,Teff
2
∫ 1
0
[1−∑ni=1 ui(λ)(1− µ)i]µdµ, (D4)
which may be simplified to yield
B0λ =
Bλ,Teff
1− 2∑ni=1 ui(λ)(i+1)(i+2) . (D5)
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TABLE 2
Orbital parameters assumed for the TRAPPIST-1 planets†
Property b c d e f g h
P [days] 1.5108708 2.4218233 4.049610 6.099615 9.206690 12.35294 18.767
± 0.0000006 ± 0.0000017 ± 0.000063 ± 0.000011 ± 0.000015 ± 0.00012 ± 0.004
t0 [BJD− 2, 450, 000] ‡ 7671.52876 7670.29869 7670.14198 7672.5793 7671.39279 7665.35151 7662.55463
± 0.00033 ± 0.00035 ± 0.00066 ± 0.0026 ± 0.00072 ± 0.00028 ± 0.00056
I [deg] †† 89.65 89.67 89.75 89.86 89.680 89.710 89.80
± 0.245 ± 0.17 ± 0.16 ± 0.11 ± 0.034 ± 0.025 ± 0.075
e ‡‡ 0.0005 0.004 0.0004 0.007 0.009 0.004 0.003
± 0.0001 ± 0.001 ± 0.0003 ± 0.0005 ± 0.001 ± 0.001 ± 0.001
ω [deg] Unif[0, 2pi) Unif[0, 2pi) Unif[0, 2pi) Unif[0, 2pi) Unif[0, 2pi) Unif[0, 2pi) Unif[0, 2pi)
Ω [deg]††† MC MC MC MC MC MC MC
m [M⊕] 0.85 1.38 0.41 0.62 0.68 1.34 0.4
± 0.72 ± 0.61 ± 0.27 ± 0.58 ± 0.18 ± 0.88 ± 0.3
Transit depth [%] 0.7266 0.687 0.367 0.519 0.673 0.782 0.346
± 0.0088 ± 0.010 ± 0.017 ± 0.026 ± 0.023 ± 0.027 ± 0.032
† Periods, transit times, inclinations, masses, and transit depths from Gillon et al. (2017) and Luger et al. (2017). The mass of h is drawn
from a distribution based on that of d, whose radius is the most similar to that of h.
‡ Transit times are the times of the last transits reported in Gillon et al. (2017).
†† Inclinations are drawn from the full posteriors of Gillon et al. (2017) to account for covariances among the different planets.
‡‡ Eccentricities based on the tidal/migration simulations in Luger et al. (2017).
††† Longitudes of ascending node drawn from the distribution derived by the Monte Carlo method described in §4.1.1.
